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ARRAYS
NUMBER MATRFEES
Cuperay L sek :
The first number matrix is a two dimensional matsix whose entries are the values, Wy 5 ,where,
"N!

1) Wy =

~  SIN-9S)!
Wy s in Equation 1) is equal to the number of combinations of N distinct things taken S at a time.
Or is the number of possible subgroups of S members in a group of N members.
If the value of 0! is taken as = 1, and the value of W as = 0 if S > N, then the matrix whose rows
are the values of S and whose columns are the values of N is:

N= 1 2 3 4 5 6 7 8 9 10

s<s1 1 2 3 4 5 6 7 8 9 10

S=2 0 1 3 6 10 15 21 28 36 45 s A
s 0 0 1 4 10 20 35 5 8 120
S=4 0 0 0 1 5 15 35 70 126 210

S5 0 0 0 0 1 6 21 56 126 252  TRIANGLE
S<6 0 0 0 0 0 1 7 28 84 210

s<7 0 0 0 o0 0 0 1 8 36 120

s<§ 0 0 0 0O O 0 0 1 9 45

ss9 0 0 O ©0 0 0 0 0 1 10

s<t0. 0 o0 0 0 0 0 0 0 0 1

The number of links between pairs of objects in a group of N is given by the row S=2.
The number on networks involving X objects in a group of N is given by the row S=X.

THE HORIZONTAL SLICES

Note that the numbers in each row, S, are the differences between the numbers in the row S - 1
immediately below. That is, AS = S-1 for all S. And that every number Wy is the sum of the
numbers inrow S - 1 up to N -1. That is, the sum, Xy ¢ of the numbers in horizontal row S up
to and including the value in column N, is given by equation 2)

B (N+1)!
NS TS+ D)I(N-S)!

2)

Since the diagonal down-to-the-right slices [\\\\] are the same as the horizontal slices, equation 2)
also applies to their sums.
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THE VERTICAL SLICES
If single member sub-groups are included, the total number of sub-groups of all sizes, T, in a
group of N members will be given by the sums of the vertical columns in the above table.

N= 1 2 3 4 5 6 7 8 9 10

T= 1 3 7 15 31 63 127 255 511 1023
where the values of T are given by the formula:

3) T=2"-1

Note that T is equal to the total number of networks of all sizes possible in a group of size N.

The sum of all the numbers in the matrix can be calculated by adding the numbers in the above
T sequence. The sums of the values of T to the Nth column are given by,

4) ST, =2 - (N+2)=2T, - N

THE DIAGONAL UP-TO-THE-RIGHT SLICES [////]
The first row in the next table gives the sums, 2[//], of the numbers in the up-to-the-right slices
of the first maa&. The second row, AX[//], gives their differences.

T/]=2F 1 2 4 7 12 20 33 54 88 143
AZ[//]=F 1 23 5 8§ 13 21 34 55

Note that the numbers in the AX[//] row are the Fibonacci Numbers, F.
The second raatrik will consist of a row of Fibonacci numbers, F, together with other rows

giving sums and differences.
N 1 2 3 4 5 6 7 8 9 10 11

XF 1 4 11 25 51 97 176 309 530 8% 1490
%F 1 3 7 14 26 46 79 133 221 364 596
XF 1 2 4 7 12 20 33 54 88 143 232
F 1 1 2 3 5 8 13 21 34 55 &9
AF 0 1 1 2 3 5 8 13 21 34 55
AF 1 0 1 1 2 3 5 8 13 21 34
AF -1 1 0 1 1 2 3 5 8 13 21
AF 2 -1 | 0 1 1 2 3 5 8 13
AF -3 2 -1 1 0 1 1 2 3 5 8
AF 5 -3 2 -1 1 0 1 1 2 3 5
AF -8 5 -3 2 -1 1 0 1 1 2 3
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ras
The formulae for the values of the terms in the Fibonacci ga;m;/( are as follows:

F f(n) = f(n-2)+f(n-1)
AF  AF(n) =F(n-1)
AF  AF(n)=AF(n-1)=F(n-2)

..........................

AF  AFm)=F(n-k)

TF  f(n) = fn-2)+fn-1) + 1
TF f(n)=f(n-2)+f(n-1) +n
TF  f(n)=f(n-2)+(o-1) + W,,
TF  f(n)=f(n-2)+(n-1)+ W,,

Formulae for sequences are of several types:
Type in which the Nth term involves only N e.g. Equations 3) and 4) R XPriCIT

Type in which the nth term is defined in terms of proceeders e.g. Equation for F k& cvksioN
Mixtures of proceeders and term number e.g. Equation for %,F
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"*\lfff*\éii\\\%3\\\\\\\\i\i\j
1 476 C
1 5 10105
1 6 15 20 15 6. -

1 7 21 35 35 21 7 btz

1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
1 11 55 165 330 462 462 330 165 55 11 1
1 12 66 220 495 792 924 792 495 220 66 12 1
1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15 1
1 16 120 560 1820 4368 8008 11440 12870 11440 8008 4368 1820 560 120 16 1
1 17 136 680 2380 6188 12376 19448 24310 24310 19448 12376 6188 2380 680 136 17 1

1 18 153 816 3060 8568 18564 31824 43758 48620 43758 31824 18564 8568 3060 816 153 18 1
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1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
1 11 55 165 330 462 462 330 165 55 11 1
1 12 66 220 495 792 924 792 495 220 66 12 I\
1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 IS 1
1 16 120 560 1820 4368 8008 11440 12870 11440 8008 4368 1820 560 120 16 1
1 17 136 680 2380 6188 12376 19448 24310 24310 19448 12376 6188 2380 680 136 17 1
1 18 153 816 3060 8568 18564 31824 43758 48620 43758 31824 18564 8568 3060 816 153 18 1

Counting the apex 1 as row zero, the horizontal rows are designated by R. The ////diagonals are designated by D
beginning with the left set of 1's as D =0. The left-3, down—1 diagonals are designated by F. Each entry in the
triangle W[R,D] =R!/D!(R-D)! The sum of the entries along diagonal D to row R is (R+1)!/(D+1)!(R-D)!

The entries in a given row, R, are the coefficients of the binomial expansion, (a + b)® The sum of the numbers in
each row is 2% The total value of all the numbers in the first H rows is 2% — 1 The sums of the entries in F
diagonals are the Fibonacci numbers. Symmetry allows \\\\ diagonals to be used as //// diagonals. Same with F.
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PRIME1.WPD June 1, 2004
2357111317192329313741434753596167717379838997101103107109 113127 131137139149 151157163 167
12242 4 2 4 6 26 42 46626 42646184 2 4 2 4 14 4 6 2 10 2 6 6 4
1022 2 22244 22220442 2422242 2 2 2 10 102 4 8 8 4 0 2
1200 000202 00024020220022 00 038 0 82 4 0 4 4 2
1200 002 22200224222 0202020 0 8 8 8 6 2 4 4 0 2
1200 0 2000202022002 222222 0 80 0 2 4 2 0 4 2
12002 2002222202020 000002 8 8 0 2 2 2 2 4 2
12020 202000022222000002 6 028 2 0 0 0 2 2
12 222 2220002000020 00024 6 86 2 0 02 0
10 000 0020022000220 00222 22 4 2 0 22
1000 0 0220202002020 0200 0 0 2 2 2 20
1000 0 202222206222202200 02 0 0 02
1000 2 2200002200022 020 02 2 0 0 2
1 002 0 0200020200202 222902 0 2 0 2
1 022 0 22002222022200222 2 2 2
1 202 2 0202000220020200 0 0 O
1 220 2 22220020202222 00 0 0
1 022 000 0202222200020 0 0
1 2020 006 2220 0002002 2 00
12220 020020 0022021902020
100 202 2022002022222
102 220 220202220000
12 0 022 062 222 002000
12 0 20220 002 022200
12 2 22020 0222020
1 000 2220 200 222
1 002 00222 02 00
1 022 02002 220
1 202 2202002
1 220 022202
1 020 20022
1 222 2020
100 0222
100 200
1 0220
1 20 2
1 22
10
1
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) 7111317192329313741434753596167717379 997101103 107109113 127131 137 139 149 151 157 167
12242 4 2 4 6 2 6 42 4662 6 42646184 2 4 2 4 14 4 6 2 10 2 6 6 4
1022 2 222 44 22220442 242224 2 2 2 2 10 102 4 8 8 4 0 2
1200 0 00202 00024020 220022 00 08 0 82 4 0 4 4 2
1200002 22200224222 02029020 0 8 8 8 6 2 4 4 0 2
1200 0 2 000202022002 222222 0 80 0 2 4 2 0 4 2
12002 2002222202020 00000 2 8 8 0 2 2 2 2 4 2
12020 202000022222000002 6 028 2 0 0 0 2 2
12 222 2220002000020 00024 6 86 2 0 020
10 000 002002200022000222 22 4 2 0 2 2
1000 0 0220202002020 ©0200 0 0 2 2 2 220
1000 0 20222220222202200290102 0 0 02
10002 2200002200022 1020 02 2 0 0 2
1 002 0 0200020200202 22902 0 2 0 2
1 022 0 22002222022200222 2 2 2
1 202 2 020200022002021020 0 0 0
12202 22220020202222 020 0 0
1 022 000 0202 222200020 0 O
1 2020 00 2220 0002002 200
1 2220 020020 00220219020
100 202 20220 0202222 2
102 220 220202220000
12 0 022 02 222 002000
12 020220 002 02200
12 2 220200222020
1 000 2220200 222
1 002 002220200
1 022 02002 220
1 202 22020 02
1 220 022202
1 020 20022
1 222 2020
1 00 0222
100 200
1 0220
1202
1 2 2
10
1
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BELLTABL.WPD September 26, 2004
THE BELL TRIANGLE

A Bell Triangle is constructed on a triad of three initial numbers. These three numbers
must be such that the third is equal to the difference of the first two. The first two numbers are
on the top line of the triangle, their difference, the third number, on the second line:

12 10 11 01 25 33
1 1 0 1 3 0

The rules for the construction of the triangle state that the last (right most) number on the top
line is brought down to the line below the last entry. The third line in the case below:

1 2 1 0 11 0 1 2 5 3 3
1 1 0 1 3 0
2 0 1 1 5 3

The line above the bottom line is then filled in by a number such that the number in the bottom
line is the difference of the two numbers in the line above.

1 2 10 11 0 1 2 5 3 3
1 3 11 01 1 0 3 8 0 3
2 0 1 1 5 3

This process is repeated until the top line is reached:
125 1 01 110 0 11 2 513 330
1 3 11 01 1 0 3 8 0 3
2 0 1 1 5 3

Again the right most number is brought to the bottom and the process repeated:

12 5 1 2 5 1 2 5 1 2 5 15
1 3 1 3 1 3 10 1 3 10
2 2 7 2 7 2 7
5 5 5 5
A

(The example immediately above is the original Bell Triangle. Other examples are based on
alternate initial triads.)

Of particular interest are Bell Triangles whose initial triads are of the form,
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Of particular interest are Bell Triangles whose initial triads are of the form, Tiase will be called sten, calls

X 0 X X 0 X
X 0 X

where X is any positive integer. For example, the triangle,

10110110
1101101
011011
10110
1101
011
10
1

Following the rules of triangle construction, at any of the red zeros marked below, there exists a
choice. Instead of the 0, a 2 could have been inserted. But once a 2 instead of a 0 is inserted the
triangle takes off on a different course in which there is no longer any choice.

101101160
11T06110°1

011011
10110
1101
011
10
1
Two examples:
1 01 3 1039 101127
1127 29 1 10135
015 22 011 4
1 417 1 03
313 13
10 2
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There is choice so long as 0 is chosen. Once 0 is not chosen there is no longer choice.
. In other words there is choice until you exercise choice.
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E. T. BELL NUMBER RHOMBOID

674 674
151 523 pX 151 523
37 114 409 37 114 409
1o 27 87 322 10 27 87 322
3 7 20 67 255 3 7 20 67 255
1 2 5 15 52 203 1 2 5 15 52 203 877
1 3 10 37 151 1 3 10 37 151
2 7 27 114 2 7 27 114
5 20 &7 5 20 87
15 67 A 15 67
52 52






E. T. BELL NUMBER HEXOID

674 523 409 322 255 203 674
203 151 114 87 67 52 151 523
255 82 37 27 20 15 37 114 409
322 67 1§ 10 7 5 10 27 87 322
409 87 20 § 3 2 3 7 20 67 255
523 114 27 7 2 1 1 2 S 15 52 203
674 151 37 10 3 1 g 1 3 10 37 151 674
203 52 15 S 2 1 1 2 7 27 114 523
255 67 20 7 3 2 3 S 20 87 409
322 87 27 10 5 7 10 15 67 322
409 114 37 15 20 27 37 52 255
523 151 82 67 87 114 151 203
674 203 255 322 409 523 074

Counter Clockwise X
Clockwise A
Toward Center A
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E. T. BELL NUMBER HEXOID

674 523 409 322 255 203 674
203 151 114 87 67 52 151 523
255 52 37 27 20 15 37 114 409
322 67 15 10 7 5 10 27 &7 322
409 87 20 S 3 2 3 7 20 67 255
523 114 27 7 2 1 1 2 5 15 52 203
674 151 37 10 3 1 B 1 3 10 37 151 674
203 52 15 5§ 2 1 1 2 7 27 114 523
255 67 20 7 3 2 3 5 20 87 409
322 87 27 10 § 7 10 15 67 322
409 114 37 15 20 27 37 52 255
523 151 52 67 &7 114 151 203
674 203 255 322 409 523 674

Counter Clockwise X%
Clockwise A
Toward Center A
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DIMENSIONAL %CES: INTRODUCTION

Dimensional matrices are an alternate approach to the relations that exist
between the magnitudes of the fundamental constants of physics [initially ¢, G,
and h] and the masses, sizes, and frequencies of material bodies ranging from
sub-atomic particles to the universe itself. Traditionally the relations or linkages
between physical bodies are organized around such concepts as force, action,
energy, power, etc. Dimensional matrices show that in many cases relations may
be viewed in different but equivalent ways. For example, equivalences between
frequency resonance, energy conservation, and symmetries. The matrices also
show that the richness of relations exceeds those commonly recognized or utilized.

INET
The construction of a matfix starts with equation 1). L o Jp i< ] «,,}-g’";;jn
F AoV

b
b p
1) ML TG = ML'TY
F?J'["‘* @”fr!w‘
There are three sets of exponents each with three members:
The exponents u, v, W, in the right member are pre-assigned according to
the dimensionality of the desired matrix. For example, to create a force-matrix,
assign u=+1, v=+1, and w=—-2; or to create a frequency matrix, assign
u=0, v=0, and w =—1. Qoopme. o A % oflimengigne/ natriy Magurwe A
The exponents a, b, e, in the left member are coordinate exponent$ that
assign coordinates to M, L, N L,T depending ofithe designation of the

dimensionality of the matrix. Bt P fovackey vt em rodie bl fo 2 oo
The third set of exponents, X, Yy, z, are those derived for the fundamental ‘(;:’L 4
constants. This set is a function of the input and coordinate exponents. mMi
: "
A7

To determine the values of x,y, z, we rewrite equation 1) with the constants
expressed in their dimensional form:

2) MaLbTe.{_Ii}x.{ L } {ML} =MuLva

T M. T2 T
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Arranging the exponents according to their parent parameter,

M: a-ytz=u
L: b+x+3y+2z =v
T: e - X -2y -z =W

Solving for x, y, and z, -

2x =u -3v -5w —-a +3b+5e
2y =-u+v+w+a-b-e
2z = uw+v+w-a-b-e

g‘“"""‘[ﬂ”\ogm all . ey sqe,e Ni'f.
may be required to cover , topossibilities. For example, a separate matrix, each

covering the

numerical ranges of a and b, for different assigned value of e. In general, there can
be six input arrangements:

a fixed, b and e variable a and b fixed, e variable

b fixed, a and e variable a and e fixed, b variable

e fixed, a and b variable b and e fixed, a variable

Selecting one of these six options, three "pre-matrices" are to be generated: a
matrix for x in terms of, (for example), a and b with fixed e, and similar matrices
for y and for z. From these three matrices the basic matrix is constructed, whose
elements each have the assigned dimensionality (eg force, MR/T2) with specified
ranges for a and b, (the exponents of M and R respectively), and for a specified
value of eFinally, from a basic matrix, several numerical matrices can be
developed using specific values for M and R. For example, In a floating M,R
matrix with input T-', inserting mp for M and re for R to obtain all frequencies
related to a proton 1n addition, several types of "restricted" basic matrices may be
constructed. For example, matrices in which constraints are placed on ¢, G or i,
such as a matrix that displays all forces in which planck's constant plays no role
[z=0].

Examples: g nrnap
1: A Force Matsix /¢ Metrite, with Mowl
Rewriting equation 2) in logarithmic form, G Mo yarmphor
. A e =
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ARTIME.WPD May 30, 2011
M\L -1 0.5 0 0.5 +1 15 +2
+3 | VGMY/L?hc"! G*M?®/hc* VGML/he’ GM’L/h%c
+2.5 v G'M®/Lhc’ v G*MPL/h’c VML C?
+2 G*M?/L¢? vV G*M*/h¢’ GMPL/hc? YGMLh’c
+1.5 VGM/Lc? v GML/he? vV GMPL3/h?c?
+1 | YPMI/LA GM/c? vV GM?L/hc? ML%h
+1/2 v G*Mh/Lc’ Y GML/¢* VML%hc
0 Gh/Lc* v Gh/c? L/c YL*c/Gh
-172 v Gh?/MLc* vVLh/Mc? YL/GM
-1 v Gh¥/M2L%T h/Mc? vV L’h/GM*c L%c/GM
-3/2 Vh¥MPLE] VLhYGM3¢? ¥ L*he/G?M?
2 hML¢? Yh/GMe? Lh/GM? ¥ L'he¢’/G*M*
512 vh/GM°Lc* VLI /G*M’c VL2 cHGPM?
-3 | VhYGMOL%S h¥GM’c VLc/GM® L*hc¥/G*M?




TIMATRX4.WPD November 8,2009  0=¢
TIME TABLE: T=T( G,M,L,h,c) A
[T]=1 c;r%/
ﬁ 3
M\L 0 0.5 +1 1.5 +2 +2.5 +3
+3 G*M?/hc* , Y GMLYh? GM’L*h’c vV GM®Lc/h? -0
+2.5 VGML/Kc VEMLR vGML/h? ‘ -
2 | YGMYhe GM2L/he’ YoMLY | 7 ¢ MR
S Ts VGMPL/b? VGMPLYB? AN e
“ |y oML’ . VGMPL¥he? C e VMLSCYGR?
+1/2 W VGMiEAet ! :,,JMI:%}?M ’ VML ¢/Gh?
R e WSV g A1 Yite/ch L’¢*/Gh
12 o th/Mc ¢ VI A ; JIL¢/G*Mh
1 K wMe  L/GMe | oM VLS /G*M*h
30 - VLRYGM? | AU Ve
2 | VoM Liyeie | VLhe/GM? Dere
=52 e | o VLR /GM? VL’he'/GM? T~ h=o
3 h?/GM’c | TLRGMS L*hc/G*M’ v Lhe”/G*M°

Notation: In the above table h iS/J§éd for 1, the Planck constant / 27 .
v is for entire expression
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ARFORCE.WPD May 30, 2011
FORCE ARRAY: F=F(M,L,Gh,c)
ML 3 2 1 0 1 2 3
-5
4
I e L¢” /G*MP ¢t hY/G*MPL ¢ ¥ /GMPL?
2 L2¢%/G*M? ¢ h/G2M? ¢ hY/GM?2L?2
-1 | L3%/G*M h Lc%/G M ¢ /GML h¥ML?
0 L*’/G*h /G ch/L? |
1 | ML3¢%/G*R? MLc%/Gh Me?L GMhI%: 3
2 M2L*c*/G b’ M’c*h GMY/L?
3 | MPL/G 1 M°Le‘/h? GM°c/L h G ML
4 M*L%c%/h? GMc?/h? G*M*/L%ch
5 | MSL¢/h GM°Lc*/h® G*MY/L h? G*MY/L’¢*h
6
7
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TIMATRX0.WPD November 8, 2009

TIME TABLE: T=T( G,M,L,h,c)
[T]=1

M\L 0 0.5 +1 1.5 +2 +2.5 +3

+3

+2.5
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TIMATRX0.WPD

TIME TABLE: T=T(G,M,L,h,c)

[T]=1

November 8, 2009
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ARPRESS.WPD May 30, 2011
PRESSURE ARRAY P(M,L,cGh)
M\L 2 1 0 -1 2 3
5
4
3 Le/GIm 7 h/EML MY
> et | Cooin” e
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ARMASS . WPD

May 31, 2011

MASS ARRAY M(L,T,c,G,h)
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AR A May 30, 2011
MR -1 -0.5 0 0.5 +1 1.5 +2
+3 | YG’'M*R?hc!! G*M?/hc* VGMRYh’c® GM’R%h%c
+2.5 v G*'M*/Rh¢’ vVG*M’R/h%c* Y GMR¥h3c?
+2 G*MY/R¢’ v G*M?/hc’ GM?R/hc? VGM'R*h%
+1.5 v GM*/Rc? v G*M’R/hc? v GM?R*/h%c?
+1 v G*M?h/R?%® GM/c? v GM?R¥h¢? MR?*h
+1/2 vG*Mh/Rc’ YGMR/c* A YMR3hc
0 Gh/R¢’ v Gh/c? b R/c VR*c/Gh
-172 v Gh*MRc® YRhWMc? vR*GM
-1 v Gh*/M?R%’ h/M¢c? YR?h/GM?c R%/GM
-3/2 vh¥M’R¢’ v R/GM*¢? vV R3hc/GM?
2 h¥M?R¢? Vh¥/GMic? Rh/GM? VR*hc¥/G3M?
512 VhY/GM°R¢* VRIY/GM’c VR HGPM
3 | VB/GMR* W/GM’c VR’ c/GPM° R*hc’/G*M?
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FORCARAY.WPD November 30, 2009 June 29, 2010
FORCE ARRAY: F=F(M,L,G,h,c)
h
M\L 3 2 1 0 -1 -2 -3
-5
4
3| LYGMP L¢’ /G*M? ¢! h¥/G*M’L ¢ ¥ /GM’L?
-2 L2c3/G*M? ¢’ /G*M? c2 h?/GM?2L2
-1 L¢’/G*M h Lc*/G*M ¢’ h/GML h%/ML?
0 L2'/G? h G (E2E) 7] o2
1 | ML’¢*/G* h? Mc?/L GM h/L’¢
2 M2L2¢%/G h? M2 h GM /1.2
3 M3L3"/G B® M3Le'/h? GM’c/L h G*MP/L3¢?
4 M*L*c¢’ M’ GM*c*/h? GM*/L*ch
5 M3L?c% ht GM°Lc’/m3 G>M®/L h? G*M*/Lc*h
6
7
¥
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he 107 ‘Pascal’s’ Triangle was
da not invented by Blaise

me Pascal in 1654: it came from
‘he China. This diagram comes

from Chu Shih-Chieh’s
Precious Mirror of the Four
Elements, published in 1303.
The caption refers to the
triangle as the ‘Old
Method’; it had been
expounded by the year 1100
by the mathematician Chia

to
1s€
de

+ e 1,

— Hsien, who called it ‘the
as tabulation system for
unlocking binomial
coefficients’.
ual

@ | EO G
the /1?"1—

to T
the —g‘
he 9‘?"‘

‘he
ers
he - ’ ’ ’ ’ Py a ’

fr
A A it o o
sa
fer
ta
s of that date, now lost, entitled Piling-up Powers and Unlocking Coefficients, by
m Liu Ju-Hsieh. _
:ps The mathematician and poet Omar Khayyam discussed the Pascal Triangle
s somewhat indirectly about 1100. We do not know whether he got it from China
er or invented the elements of the system independently. But the first appearance
be of the Triangle in print in Europe was on the title page of the book on arithmetic
ed of Petrus Apianus in 1527. Several succeeding mathematicians, such as Michael
r. Stifel, considered it. And the Italian Nicolo Tartaglia, who was something of a
.an" scoundrel, claimed it as his own invention. But as far as we know, the inventor
ng was indeed Liu Ju-Hsieh, 427 years before the appearance of the ‘Pascal’
ok Triangle in Europe.
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THE WORLD OF THE YANGHUI TRIANGLE

Mathematics is thought of as having two spouses—counting and measuring. These two
were married and over time their progeny have included arithmetic, geometry, algebra,
trigonometry, calculus, analysis, topology etc. And the mathematical dynasty is still very
powerful having great influence in the kingdoms of physics, chemistry, economics, and many
others. The mating of two members of the dynasty, number and position, resulted in a very gifted
child known as A.G. {analytic geometry}, who was reared by one Rene Descartes (1596—-1650).
A.G. put number and position together in a linear and orthogonal manner that was so powerful
that it eclipsed alternate ways of joining them. But A.G. had an older sibling, Chu, who had
joined number and position in a more subtle and complex way. Chu would remind us that there
are many ways besides that of A.G. to organize number and position, quantity and location,
accumulation and direction. What is his story?

Sometime in the early 14™ century the Chinese mathematician Chu Shih-Chieh published
his epic Precious Mirror of the Four Elements which contained a numerical triangle rich in inter-
related properties. This triangle, also known as the Yanghui Triangle, was rediscovered three
centuries later by the French mathematician and physicist, Blaise Pascal (1623-1662). Today in
the West it is commonly known as Pascal’s Triangle. The simplest algorithm for its construction
requires that the elements of each successive row be equal to the sum of the two elements
located symmetrically above. This is illustrated here in the first six rows of the triangle:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

But the triangle has many other mathematical properties. Note that the sum of the numbers in
each row is a power of two. And note that each number is equal to the sum of all the numbers
that are above it in the diagonal immediately above. [true for both the right-down diagonal and
the left-down diagonal]. Further the numbers in each row are the coefficients in the expansion of
the binomial (a + b)* where R is the number of the row, [The top single 1 is taken as row zero]
The numbers in the second diagonal, 1,3,6,10,15,... are the triangular figurate numbers. [The
diagonal consisting of all 1's is the zero order diagonal] The numbers in the third diagonal
1,4,10, 20, 35,... are the tetrahedral figurate numbers. The numbers in each of the subsequent
diagonals are hyper tetrahedral figurate numbers corresponding to 4®, 5*, 6™, ..... dimensional
hyper-tetrahedra. The sums in the over-three-down-one diagonals are the Fibonacci numbers,
1,1,2,3,5,8,13,21,.... Each entry in the triangle , row R, diagonal D, has the value, R!I/D!(R-D)!,
which is the number of combinations of R distinct items take D at a time. The sum of the
numbers in diagonal D down to and including row R is (R+1)!/(D+1)!(R-D)! . Concluding this
partial list of properties, note that the sum of all the entries in the triangle down to and including
row R is equal to 28" 1.
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1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 - 45 10 1
1 11 55 165 330 462 462 330 165 55 11 1
1 12 66 220 495 792 924 792 495 - 220 66 12 1
1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
1 15 105 455 1365 3003 5005 6435 6435 5005 3003 " 1365 455 105 15 1
1 16 120 560 1820 4368 8008 11440 12870 11440 8008 4368 1820 560 120 16 1
1 17 136 680 2380 6188 12376 19448 24310 24310 19448 12376 6188 2380 680 136 17 1
1 18 153 816 3060 8568 18564 31824 43758 48620 43758 31824 18564-8568 3060 816 153 18

Counting the apex 1 as row zero, the horizontal rows are designated by R. The ////diagonals are designated by D
beginning with the left set of 1's as D = 0. The left-3, down-1 diagonals are designated by F. Each entry in the
triangle W[R,D] = R!/D!(R-D)! The sum of the entries along diagonal D to row R is (R+1)!/(D+1)!(R-D)!
The entries in a given row, R, are the coefficients of the binomial expansion, (a + b)® The sum of the numbers in
each row is 2% The total value of all the numbers in the first H rows is 2" — 1 The sums of the entries in F
diagonals are the Fibonacci numbers. Symmetry allows \\\ diagonals to be used as //// diagonals. Same with F.
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PASCAL’S TRIANGLE

g1
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1 11 55 165 330 362 362 330 165 55 11 1
1 12 66 220 495 692 724 692 495 220 66 12 1
1 13 78 286 715 1187 1416 1416 1187 715 286 78 13 1
1 14 91 364 1001 1902 2603 2832 2603 1902 1001 364 91 14 1
1 15 105 455 1365 2903 4505 5435 5435 4505 2903 1365 455 105 15 1
1 16 120 560 1820 4268 7408 9940 10870 9940 7408 4268 1820 560 120 16 1
1 17 136 680 2380 6088 11676 17348 20810 20810 17348 11676 6088 2380 680 136 17 1
1 18 153 816 3060 8468 17764 29024 38158 41620 38158 29024 17764 8468 3060 816 153 18 1
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THE YARGHUT TRIANGLES

10 10 5
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1-~%
1 8 28 56 70 56 28 8 1
9

1 36 84 126 126 84 36 9 1 "
1 10 45 120 209 252 209 120 45 10 1)<
1 11 55 165 330 462 452 330 165 55 11 1712
1 12 66 220 495 792 924 792 495 220 66 12 1
1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15 1-'/(
1 16 120 560 1820 4368 8008 11440 12870 11440 8008 4368 1820 560 120 16 1
1 17 136 680 2380 6188 12376 19448 24310 24310 19448 12376 6188 2380 680 136 17 1
1 18 153 816 3060 8568 18564 31824 43758 48620 43758 31824 18564 8568 3060 816 153 18 1

1 0 0
1 1 0
188 1 0

1111112111121 1111111 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 132







THE YANGHUYT TRIANGLER

10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
8 28 56 70 56 28 8 1
1 36 84 126 126 84 36 9 1
1 10 45 120 209 252 209 120 45 10 1
1 11 55 165 330 462 452 330 165 55 11 1
1 12 66 220 495 792 924 792 495 220 66 12 1
1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15 1
1 16 120 560 1820 4368 8008 11440 12870 11440 8008 4368 1820 560 120 16 1
1 17 136 680 2380 6188 12376 19448 24310 24310 19448 12376 6188 2380 680 136 17 1
1 18 153 816 3060 8568 18564 31824 43758 48620 43758 31824 18564 8568 3060 816 153 18 1

1
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i1 1121111111111 11111111 1111111 11111111111
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Color coding of even and odd entries in the Pascal triangle with 16, 32, and 64 rows.
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Color coding the Pascal triangle. Black cells denote divisibility by 3 (top left), by 5 (top right)
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THE CRUCIAL EXPERIMENT CHAPTER 2

-

T
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A cellular automaton with a slightly different rule. The rule

‘[ - | makes a particular cell black if either of its neighbors was black
| 1 | on the step before, and makes the cell white if both its
| neighbors were white. Starting from a single black cell, this rule
I leads to a checkerboard pattern. In the numbering scheme of
7T Chapter 3, this is cellular automaton rule 250.

This pattern is however again fairly simple. And we might
assume that at least with the type of cellular automata that we are
considering, any rule we might choose would always give a pattern that
is quite simple. But now we are in for our first surprise.

The picture below shows the pattern produced by a cellular
automaton of the same type as before, but with a slightly different rule.
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A cellular automaton that produces an intricate nested pattern. The rule in this case is
(?‘-j]-é-[.;ml[l-{cﬁjigiﬁ.i%q that a cell should be black whenever one or the other, but not both, of its neighbors
were black on the step before. Even though the rule is very simple, the picture
shows that the overall pattern obtained over the course of 50 steps starting from a single black cell is not so simple. The particular rule
used here can be described by the formula o, = Mod(a;_, +a,,,, 2]. In the numbering scheme of Chapter 3, it is cellular automaton rule 90.
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RAMRHOMB.WPD RAMAJUNAN NUMBERS RHOMBOID January 8, 2004

33255424
4870144 28385280
713216 4156928 24228352
104448 608768 3548160 20680192
15296 89152 519616 3028544 17651648
2240 13056 76096 443520 2585024 15066624
328 1912 11144 64952 378568 2206456 12860168
48 280 1632 9512 55440 323128 1883328 10976840
7 41 239 1393 8119 47321 275807 1607521 9369319

1 6 35 204 1189 6930 40391 235416 1372105 7997214

5 29 169 985 5741 33461 195025 1136689 6625109
24 140 816 4756 27720 161564 941664 5488420
11 676 3940 22964 133844 780100 4546756
560 3264 19024 110880 646256 3766656
2704 15760 91856 535376 3120400
13056 76096 443520 2585024
63040 367424 2141504
304384 1774080
1469696
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THE VERTICAL SLICES
If single member sub-groups are included, the total number of sub-groups of all sizes, T, ina
group of Nimembers will be given by the sums of the vertical columns in the above table.

2 3 4 5 6 7 8 9 10

3 7 15 31 63 127 255 511 1023

where the values of X are given by the formula:

3) T=2V-1
Note that T is equal to the total number of networks of all sizes possible ifi a group of size N.

The sum of all the numbers in the matrix can be calculated by adding theé numbers in the above

T sequence. The sums of the valtigs of T to the Nth column are given by,

4) T, =2 - (N+2)#2T, - N

THE DIAGONAL UP-TO-THE-RIGHT SKICES [////]
The first row in the next table gives the sumsy X[//], of the ndmbers in the up-to-the-right slices
of the first matrix. The second row, AX[//], gives their différences.

S/=%F 1 2 4 7 12 ) 33 54 88 143
AX[//1=F 1 2 3 5 3 3 21 34 55
Note that the numbers in the AX[//] row are thé Fibonacci Numbers, F.

The second matrix will consist of a row of Eibonacci numbers,\f, together with other rows
giving sums and differences.

N 1 2 3 4 5/ 6 71 8 9 10 11
F 1 4 11 25 1 97 176 309 530 \89%4 1490
XF 1 3 7 14 /26 46 79 133 221 364 596
XF 1 2 4 7/ 12 20 33 54 88 143 232
F 1 1 2 5 8 13 21 34 55 \ 89
AF 0 1 1 5 3 5 8 13 21 34 \55
AF 1 0 1 1 2 3 5 8 13 21 4
AF -1 1 0 1 1 2 3 5 8 13 21
AF 2 -1 0o 1 1 2 3 5 8 13
AF 3 2 /a1 1 0 1 1 2 3 5 g8 -
AF 5 3/ 2 a1 1 0 1 1 2 3 5
AF 8 § 3 2 1 1 0 1 1 2 3
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FRACTDIM.WP6
[91/06/10;96/01/13;96/04/04;97/09/26;98/08/21;98/09/29]

FRACTAL DIMENSION

The modern concept of what we call a fracral probably began with the discovery by
Galileo of the moons of Jupiter. Through subsequent centuries seeing the same form on two
different scales — Copernicus' planets revolving about the sun and Galileos moons revolving
about Jupiter — intrigued the imaginations of philosophers, scientists, and mathematicians.
Emmanuel Swedenborg (1734) noted, " Nature is always the same and identical with
hereself”, while Jonathan Swift (1733) captured the idea in verse,

So, Naturalists observe, a Flea
Hath smaller Fleas that on him prey,
And these have smaller Fleas to bite 'em,
And so proceed . ad infinitum.

Lewis Fry Richardson (1922) repeated this motif ,

Big whorls have little whorls,
Which feed on their velocity;
And little whorls have lesser whorls,
And so on to viscosity.

The concept of fractal also emerged in attempts to explain why the sky is dark, the so-
called Cheseau-Olbers Paradox. Speculators in this area included Immanuel Kant (1755),
Johann Lambert (1761), John Herschel (1848), Edward Fournier d'Albe (1907) and Carl
Charlier (1922). Mathematicians pursued like concepts through their interest in self-similar
sets, Georg Cantor (1915), and "monster" curves, Felix Hausdorf (1914). But the ultimate
sealing of the fractal concept both by generalizing it and naming it was the work of the
mathematician, Benoit B. Mandelbrot (1977). And today fractals are everywhere.

It has been a matter of much amazement on the part of philosophers from the Greeks to
Einstein that the structures of pure thought we call mathematics appear to have an isomorphic
relation to the physical world. That mathematical constructs can be successfully used to explain
and predict physical phenomena is itself a phenomenon that up to the present has eluded
explanation. However, there are hiati in the successful representations of the world by
mathematics. In particular several difficulties arise when treating the infinitely large and the
infinitesimally small. While the geometry of Euclid, for example, has been most useful in the
solution of myriads of problems, its sizeless points, diameterless lines, and thickless planes
frequently lead to singularities and non-sensical physical conclusions. When mathematical
thinking turned to the paradoxes implicit in the infinitely large and small, it opened new
regions to the successful mathematical representation of the physical world.

Page 1



The sizeless points of Euclid vs. the finite atoms of nature are but one example of the
general dichotomy of continuum vs discretum. There is the continuousness of geometry vs. the
discreteness of arithmetic; the continuous real numbers vs the discrete natural numbers; in
technology, the analogue vs. the digital; in space, extension vs. separation; and in time,
duration vs. interval. There appear to be two distinct worlds, or is it perhaps only two world
descriptions, that need to be reconciled — the classical world of continuity and the quantized
world of Max Planck.

There have been many mathematical approaches to the resulting paradoxes. Some,
which should be mentioned, are Cantor's studies of transfinite sets, Hausdorf and Besicovitch's
dimension, Lesbegue's theory of measure, and Mandelbrot's fractal dimension. Also related to
this area are the finite difference calculus and some of the work of Buckminster Fuller. All are
concerned with bridging the gap between the sizeless elements of abstract thought and the
finite elements of physical experience.

The development of the concept of fractal, pioneered by Mandelbrot, has led to new
isomorphisms between the formulae of mathematics and the laws and patterns of nature.
Complex patterns in nature, such as shore lines and mountain ridge contours, always
considered too complicated to be mathematically treated, have suddenly been made accessible
through relatively simple expressions. At the present time not only are unexpected new
isomorphisms being generated, but reexamination of classical models in such areas as geology
and astronomy has led, through the fractal approach, to new and deeper insights.

SPACES OF FRACTIONAL DIMENSION

In enquiring into what ways the sizeless species of thought may be rendered useful
representations of the finite elements of physical experience, one device is the concept of
fractal or fractional dimension. The idea of fractal dimension requires abandoment of the view
of homogeneity of space. Traditionally, conceptual spaces from Euclid to Riemann have been
uniform or homogeneous spaces. However, to conform to physical space our conceptual spaces
must be allowed to contain gaps or regions of "under density" and fills or regions of "over
density". Only those spaces devoid of gaps and fills, having uniform density, turn out to have
the integral dimensions, one, two, three,... of the spaces of mathematical thought. Thus to
render our concepts of space more compatible with physical space, the concept of variable
density, gaps and fills, turns out to be useful.

One approach to spaces with fractional or fractal dimension can be formulated as follows:
First consider spaces consisting only of two values of density, elements possessing extension
and gaps possessing separation.

Let E represent an element possessing extension. An element can be a line segment, square,
cube, etc. and let u be a unit of length, area, volume, etc.

The extension of E is measured in units u. (for example E = 5u, 8u,...eu, etc)
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Let G represent a gap or no-element, whose separation is also measured in units u. (G=35u,
8u,...gu, etc). Next construct a module out of elements (E’s) and gaps (G’s). Let M represent
a module composed of R elements and gaps together. Let A be the number of elements in M.
The extension of M will be A E = Aeu, and the separation contained within M will be (£A)G
= (R-A)gu, giving the size of M = AE + (R-A)G. If elements and no-elements are of the
same size, E=G then the size of M will be = RE.
With A = the number of elements in M and R the total of elements and gaps, fractal
dimension d is defined by A = R, or d = log(A)/log(R).
If we note that extension is manifested as appearance and separation as emptiness, then this
so-called Hausdorf fractal dimension is the ratio of the logarithms of the number of appearance
segments in a module to the number of appearance plus emptiness segments in the module. Or
d is the ratio of the logarithms of the manifested to the total manifested %l’/]d unmanifested.

KeRI]
In order that fractal dimension be consistent with classical notions of dimension, the fractal
dimension must reduce to ordinary dimension when all segments are manifest, no gaps. That is
whenever a line, area, or volume is filled in completely, the dimension should be an integer.

Examples:
I The Cantor Set

Take as the element a line segment of length 3 units =
E =
LetR =3, then M =3 E = = O units
Remove the central E, ~ leaving A = 2
The fractal dimension of the Cantor set is then,
d = log(2)/log(3) = 0.631
The Cantor set continues this operation with the resulting
d = log(manifest)/log(total) = 0.631

II A straight line

Take u, E, and M as before

Ragain=3 M =3E = = O units

If the line is left solid, A then is = 3 and

the fractal dimension d = log(3)/log(3) = 1, which is the proper dimension for a line.
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