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POLYSTAR.WPD 2001-11-26 1 

ITERATIONS OF POLYGONS AND STARS 

While geometry basically involves continuous parameters such as length, angle, area, 
etc., some important geometric properties are functions of discrete parameters. In particular, 
many of the important properties of polygons and polyhedra and the.stars that may be 
constructed on them are functions of discrete variables, such the number of sides, edges, 
vertices, etc. This essay inspects some functions of discrete parameters associated with polygons 
and their two dimensional stars. In the following only regular polygons and stars with number of 
sides > 4 are considered. 

By extending the sides of a polygon to points of intersection, polygonal stars may be 
constructed, and by connecting the points of intersection larger polygons of the same number of 
sides as the original may be formed. These two steps can be iterated to generate a set or family 
polygon-stars. Alternately, by connecting the vertices of a polygon, inner polygonal stars may be 
constructed whose sides create smaller polygons similar to the original polygon. These steps 
may also be iterated to create a family of polygon-stars. A polygon-star family will be 
determined by n, the number of sides of the polygon, and by 4, the number of vertices or sides 
skipped in the star constructions. 

Since the extended sides of a triangle or square do not intersect, no iterated families of 
polygon-stars may be constructed on them. The first polygon permitting a polygon-star family is 
the pentagon. Both pentagons and hexagons support a single' family of iterated polygon-stars . 
Heptagons and octagons support two families, nonagons and decagons three families. In general 
the number, N, of distinct polygon-star families that may be constructed expressed in terms of 
the number, n, of sides of the original polygon is given by: 

N = (n-4)/2 for n even and N = (n-3)/2 for n odd 
It can be shown that if r is the radius of inscribed circle of a polygon or star and R is the 

radius of the circumscribed circle of the polygon or star, then 

~ _ cos(4 + l)qJ) 

R cos(4qJ) 
where <p = 180°/n and 4 is the family order number, q = 0 for polygons, q = 1 for stars 
constructed from one side or vertex skipped, q = 2 for two sides or vertices skipped, etc. 
Polygon-stars are thus a two parameter family,_functions ofn and 4. 

An interesting question arises. For any 'given value of n, when, if ever, will a polygon 
that is a member of one family coincide with a polygon that is a member of a different family? 
Stated mathematically, for two different families with numbers 41 and 42, and with u and v both 
integers, when will 

{
cos(( 41 + l)qJ )}u = {cos(( 4 2 + l)qJ )}v 

cos( 4 1 qJ) cos( 4 2qJ) 
Or putting this metaphorically, considering the initial polygon as a fundamental frequency, do 
any of either the 'harmonics' or 'sub- harmonics' of one sequence coincide with those of another 
sequence, that is, when do resonances occur? 
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STAR-POLYGON SETTING TABLES 2002-03-04 

n :=3 .. 16 q:=O .. 6 

0 1 2 

0 0 0 

0 0 0 

0 0 0 

50 ---
70.7107 ~f;j~~.Q.,;-~ -~~=•o 
80.9017 38.1966 ,-,!!fl!tw:l!'_~,,. ~.!,QQ~ 

86.6025 57.735 ~4&--ffi-,14, 

90.0969 69.2021 35.6896 

92.388 76.5367 54.1196 

93.9693 81.5207 65.2704 

95.1057 85.0651 72.6543 

95.9493 87.6769 77.8434 

96.5926 89.6575 81.6497 

97.0942 91.1956 84.5339 

97.4928 92.4139 86.7767 

97.8148 93.3955 88.5579 

98.0785 94.1979 89.9976 

The values in these tables are 100 times the ratio of 
the radius of the inscribed circle to the radius of the 
circumscribed circle of the polystar. 
n = number of sides or vertices of the basic polygon. 
q = the number of sides or vertices skipped in the 
construction of the polystar, with q = 0 for the basic 
polygon. 

3 4 5 

0 0 0 

0 0 0 

0 0 0 
-- :::o -- - vv 

4"'.'42+4-, -1.0 ... :ua.-z. ~~&;LG-14 

~@-~8%9'4" """'""""423':'6G88"' -S0..904 7 

·"8'.'1'659•,U).l~ _._.,,,.,1,7,3.-205,a , •.,~,:: ""'0-1 

~ __,..280A,9"" 444~2 

_1,.,-6,.:1,Q~. -6?'24994@Jk ~48~',"7'¥'5 9 

34.7296 -~ -245¥a:-9S85 

52.5731 1.,,9846-40,..;-J.4.., ~40~ 

63.4356 34.2585 _., .. -, ,., ... :100 

70.7107 51.7638 ~g...~ ,_ 

75.8927 62.4233 33.9918 

79.7473 69.5895 51.2858 

82.7091 74.7238 61.8034 

85.043 78.5695 68.8812 
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STARSET2.MCD STAR-POLYGON SETTING TABLES 2002-03-04 

n :=3 .. 16 

100 
CF(n) := 

-2-·CO_s_(~-) 

CF(n) = 

100 

70.7107 

61.8034 

57.735 

55.4958 

54.1196 

53.2089 

52.5731 

52.1109 

51.7638 

51.4964 

51.2858 

51.117 

50.9796 

CF is the polystar whose vertices come to the center of the q = 0 polygon when folded inward 
SF is the polystar whose vertices come to the opposite side of the q=0 polygon when folded in n-even 
VF is the polystar whose vertices come to the opposite vertex of the q=0 polygon when folded in n-odd 
EX is the polystar exterior to q=0 that is identical to the polygon q=0 for 2n 
IN is the polystar that with respect to q=0 "balances" EX 

100 
SF(n) := 

---.--.-3 •cos ( ~) 

SF(n) = 

~7 

47.1405 

~ 

38.49 

~2 

36.0797 

ii,4~ 

35.0487 

~ 

34.5092 

~809 

34.1906 

~ 

33.9864 

100 
VF(n) := 

_1_+_2_,c_o_s ( ..... ~...,...) 

VF(n) = 

50 

~ 

38.1966 

~J~a5 

35.6896 

ii1•l•Hi8 

34.7296 

~7 

34.2585 

~1 

33.9918 

~ 

33.8261 

~ 

ll= 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

EX(n) := lOO·cos(..2:...) 
2•n 

EX(n) = 

86.6025 

92.388 

95.1057 

96.5926 

97.4928 

98.0785 

98.4808 

98.7688 

98.9821 

99.1445 

99.2709 

99.3712 

99.4522 

99.5185 

IN(n) = 

2.2204·10 -14 

41.4214 

61.8034 

73.2051 

80.1938 

84.7759 

87.9385 

90.2113 

91.8986 

93.1852 

94.1884 

94.9856 

95.6295 

96.1571 
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n :=3 .. 16 ANGLES FOR CF = C AND VF(n odd), SF (n even) = F 

360 
AC(n) :=-

n 

AC(n) = 

120 

90 

72 

60 

51.429 

45 

40 

36 

32.727 

30 

27.692 

25.714 

24 

22.5 

720 
BC(n) :=-

n 

BC(n) = 

240 

180 

144 

120 

102.857 

90 

80 

72 

65.455 

60 

55.385 

51.429 

48 

45 

n= 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

~ 

I Co1d>1n ews F{!)fc. &'Y HM J:? r a, r 
L Ac(~::__ @(rfl) 

No4' J;;r IVl-z4. CF ::. Cj r) 
-1•P·l Cf :: 9, 

~ .. 

/;,, CP 
It ::. .L 
ra - 2. 

A(n) :=O 

A(n) = 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

L .. 

360 
B(n) :=-

n 

B(n) = 

120 

90 

72 

60 

51.429 

45 

40 

36 

32.727 

30 

27.692 

25.714 

24 

22.5 

2002-03-28 

180 
AF(n) :=-

n 

AF(n) = 

60 

45 

36 

30 

25.714 

22.5 

20 

18 

16.364 

15 

13.846 

12.857 

12 

11.25 

N't:rl-e h9 r· '1'l- :: 3 

11\ :.b­

'Vl :: ;z 

540 
BF(n) :=-

n 

BF(n) = 

180 

135 

108 

90 

77.143 

67.5 

60 

54 

49.091 

45 

41.538 

38.571 

36 

33.75 

Vi= ;: C¥ 
- v/J 

VF=- 1/i 
VF.,_ °f,_ 

fr - { 
8 3 
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• 
n :=3 .. 16 

AX(n) = BX(n) = 

120 240 

135 225 

144 216 

150 210 

154.286 205.714 

157.5 202.5 

160 200 

162 198 

163.636 196.364 

165 195 

166.154 193.846 

167.143 192.857 

168 192 

168.75 191.25 

• 
ANGLES FOR EX (2n) AND IN 

Criterion for symmetry: AX = Bl 

n= 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

AI(n) = 

0 

45 

72 

90 

102.857 

112.5 

120 

126 

130.909 

135 

138.462 

141.429 

144 

146.25 

• 
2002-03-28 

BI(n) = 

120 

135 

144 

150 

154.286 

157.5 

160 

162 

163.636 

165 

166.154 

167.143 

168 

168.75 



• 
n:=3 .. 16 z :=O .. 5 

AQ :=180·[1- 2,(z+ l)] 
n,z n 

0 1 2 

0 0 0 0 

1 0 0 0 

2 0 0 0 

3 60 -60 -w••oc•'''".1-80 ---~-?,"-',11!#.,-l¼· 

4 90 .....,wbfAt<Q,.. ,w,,;e,_,v ,-SO; 

5 108 36 (,..w,-36 

11 6 120 60 ~,4,0 

AQ= 7 128.571 77.143 25.714 

8 135 90 45 

9 140 100 60 

10 144 108 72 

11 147.273 114.545 81.818 

12 150 120 90 

13 152.308 124.615 96.923 

14 154.286 128.571 102.857 

15 156 132 108 

16 157.5 135 112.5 

• 
ANGLES FOR q's 

3 

0 

0 

0 

''""'°"""'?st)3.00, 

,,_,,~i,;',a,18Q_ 

,,;,,,,w,,,:..,108· 

·¥.··•d-60 

i,?5,7;14 

•'"-'''"'' ,, V 0,, 

20 

36 

49.091 

60 

69.231 

77.143 

84 

90 

BQ :=180·(1-2·.:) 
n,z n 

4 5 0 

0 0 0 0 

0 0 1 0 

0 0 2 0 

''"'•<•:JM4 :2.0" ,,.,,,,,.,,,_.,,..;540 3 180 

,'C\>. ,,i i(•270:• \>,.n\C,-r;360 4 180 

,j,:,,,,,,._,,;,:..180- ,:.,,.,;,,,,-252 5 180 

., ... ,,,-1•-120- "''"'''''•--1-80 M 
6 180 

,, -77,143 ,,-'128:571 
BQ= 7 180 

;, '" -- ,,-,_45,, ,._,. •. ,,,,.,,,_go 8 180 

,,,,,,:-20 •-,·,:•<···-60 9 180 

,,,..,,,,;;- 0, .,,, ;,,,,;·•·,-,.36\' 10 180 

16.364 .. ::"16;364 11 180 

30 "'"•''''lo~ 12 180 
' 

41.538 13.846 13 180 

51.429 25.714 14 180 

60 36 15 180 

67.5 45 16 180 

A -::: B 

AQi -=- J3Q~-I-I 

• 
2002-03-28 

1 2 3 4 5 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

""''60 ,, ' -60 c180 ,,,-300 '' -420 

.,,,90 . ' ,.. ,, . ~ - 0 ,-90 - .-180 .,,,.,,,,-270 

108 !i••o/••36 -36 ···-108 ,,-180 

120 .,,,,,60 ' "'•'" 0 ,,, · ·--60 ,, ...•. 120 

128.571 77.143 ~5.714 -25.714, ,-77.143 

135 90 45 ~or-,0 -~ .. ,.45 

140 100 60 20 4<,,c,, -20 

144 108 72 36 ;p,,,:- 0 

147.273 114.545 81.818 49.091 16.364 

150 120 90 60 30 

152.308 124.615 96.923 69.231 41.538 

154.286 128.571 102.857 77.143 51.429 

156 132 108 84 60 

157.5 135 112.5 90 67.5 
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n:=18 .. 36 

fl(g, n) = 

1.2299 

1.244121 

1.258506 

1.273058 

1.287778 ---1.302668 

1.31773 

1.332966 

1.348379 

1.36397 

1.379741 

1.395694 

1.411832 

1.428156 

1.44467 

1.461374 

1.478271 

1.495364 

1.512654 

f2(g,n) = 

1.742642 

1.79725 

1.85357 

1.911655 

i-1:_971559 

2.033~4--

2.097059 

2.162774 

2.230548 

2.300446 

2.372535 

2.446882 

2.523559 

2.602639 

2.684197 

2.76831 

2.85506 

2.9445~., 

.,):0'368 

f3(g, n) = 

2.860562 

3.032563 

3.214905 

3.408212 

3.613142 

~ 
3.830394 

r--!060709 

4.301ta--zz 

4.563716 

4.838125 

5.129033 

5.437432 

5.764376 

6.110978 

6.47~2" 

.,,6'8Er7956 

/ 7.280914 

7.718703 

8.182815 

~--, 

./ 

f4(g, n) = 

5.485715 

6.029784 

6.627814 

7.285155 

8.007691 

8.801888 

9.674852 

10.634397 

11.689108 

,,,t2,848425,, 

14.'1'~2 

f5(g,n) = 

12.434969 

14.304026 

16.454015 

2 08873 

/33.139035 

/ 38.120049 
/ 

/ 43.849742 

50.440646 

1~523403· , 58.022206 
---.~ 66. 7 43324 17.063002 

18.755297 

20.615433 

22.660056 

24.907463 

27.377766 

30.093072 

• 

,. 
76~283 

88.31511 

101.589451 

116.859011 

134.423686 

154.628448 

60.893907 

74.054857 

90.060271 

109.524923 

133.196455 

161.984094 

196.993582 

239.569642 

291.347631 

354.316354 

430.894454 
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f'/1,C--D 

,,/ 

INSTARSET2,')tVPD 

Q = 33.5416 

CF = 50 for all n 

n:=23 

• 
STAR-POLYGON SETTINGS TABLES 

q:=10 

N 
W1 

Pl = 98.1372 

P1 is the "balance" of 100 

..-EF--=-33:-3333-for-all--ev-eA-n-

• 
2002-02-18 

( 1 OO·c~\t, 
VF :---'---~---'--'-

1 + 2-cos(;) 

VF= 33.2292 

VF is only for odd n 



• • 
q) '/VloD 
it¥sT ARSET, ~ 

STAR-POLYGON SETTING TABLES 2002-03-04 

n :=3 .. 16 q:=0 .. 6 

s 
n,q 

n 

100-co{ ( q+ 1)·~] 

cos( q-~) 

0 1 2 q = ' 

0 0 0 0 

1 0 0 0 

2 0 0 0 

3 50 ,,nn 

4 70.7107 0 ,-.--- n 1<: A A'°AO An1A 

5 80.9017 38.1966 Ann 

6 86.6025 57.735 ~~~ 

S= 7 90.0969 69.2021 35.6896 

8 92.388 76.5367 54.1196 

9 93.9693 81.5207 65.2704 

10 95.1057 85.0651 72.6543 

11 95.9493 87.6769 77.8434 

12 96.5926 89.6575 81.6497 

13 97.0942 91.1956 84.5339 

14 97.4928 92.4139 86.7767 

15 97.8148 93.3955 88.5579 

16 98.0785 94.1979 89.9976 

3 

A • 

The values in these tables are 100 times the ratio of 
the radius of the inscribed circle to the radius of the 
circumscribed circle of the polystar. 
n = number of sides or vertices of the basic polygon. 
q = the number of sides or vertices skipped in the 
construction of the polystar, with q = 0 for the basic 
polygon. 

4 5 

0 0 0 

0 0 0 

0 0 0 
rn -- ---·~ ---

,n 
..,..., __ 

I"\ ---- ~,.. • .., A 

,.,,... nnnA :1,.2.@~ iliil 60!98'<17 
~'(3'..,_, -, ~ • ~ .,...,.,.. "",nrA - --~- -

• • WQ.. ~~'.' _, d 4 4 fiQ½2 
A "" ,.. -tA ......... -- .. - -t"7 n ,, :9 ·- - - . -

34.7296 •nn "'.'-.nnn5 

52.5731 ~ :.:4ii-it-€J,t1,,7 

63.4356 34.2585 ... II ' ..:IQ.Q. 

70.7107 51.7638 •••iHi1 ii-18 4"4'< 

75.8927 62.4233 33.9918 

79.7473 69.5895 51.2858 

82.7091 74.7238 61.8034 

85.043 78.5695 68.8812 

• 



• • 
STARSET2.MCD STAR-POLYGON SETTING TABLES 2002-03-04 

n :=3 .. 16 

100 
CF(n) := 

-2,cos(~) 

CF(n) = 

100 

70.7107 

61.8034 

57.735 

55.4958 

54.1196 

53.2089 

52.5731 

52.1109 

51.7638 

51.4964 

51.2858 

51.117 

50.9796 

CF is the polystar whose vertices come to the center of the q = 0 polygon when folded inward 
SF is the polystar whose vertices come to the opposite side of the q=O polygon when folded in n-even 
VF is the polystar whose vertices come to the opposite vertex of the q=O polygon when folded in n-odd 
EX is the polystar exterior to q=O that is identical to the polygon q=O for 2n 
IN is the polystar that with respect to q=O "balances" EX 

SF(n) = 

~ii7 

47.1405 

~3 

38.49 

iii,QQ;j2 

36.0797 

~-~ 

35.0487 

~6 

34.5092 

~i89 

34.1906 

~ 

33.9864 

100 
VF(n) :=----

1 + 2-cos(~) 

VF(n) = n= 

50 'fa 3 

~~ 4 

38.1966 i, 5 

~5 ... 6 

35.6896 /1. 7 

ji;.1~ 8 

34.7296 o/3 9 

~7 10 

34.2585 7'1 11 

~1 12 

33.9918 'ls- 13 

~~ 14 

33.8261 15 

~ 16 

EX(n) := 100-cos(~) 
2•n 

EX(n) = 

86.6025 

92.388 

95.1057 

96.5926 

97.4928 

98.0785 

98.4808 

98.7688 

98.9821 

99.1445 

99.2709 

99.3712 

99.4522 

99.5185 

Jo C., 

9',,8 
1,, /0 

Cfo 12 

?o l'i 
%lb 

IN(n) = 

2.2204·10 -14 

41.4214 

61.8034 

73.2051 

80.1938 

84.7759 

87.9385 

90.2113 

91.8986 

93.1852 

94.1884 

94.9856 

95.6295 

96.1571 

• 

CF 


