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• PYTHAGOREAN TRIPLES 

m:=1,2 .. 6 n := 1, 2 .. 10 

A :=2·m·n 
m,n 

M 

0 1 2 3 4 5 6 7 8 9 10 

0 0 0 0 0 0 0 0 0 0 0 0 
1 0 0 -3 -8 -15 -24 -35 -48 -63 -80 -99 

B= 
2 0 ~t . . 'P 0 -5 -12 -21 -32 -45 -60 -77 -96 

3 0 8 5 0 -7 -16 -27 -40 -55 -72 -91 

4 0 15 12 7 0 -9 -20 -33 -48 -65 -84 
5 0 24 21 16 9 0 -11 -24 -39 -56 -75 

6 0 35 32 27 20 11 0 -13 -28 -45 -64 

0 1 2 3 4 5 6 7 8 9 10 

0 0 0 0 0 0 0 0 0 0 0 0 

1 0 2 4 6 8 10 12 14 16 18 20 

A= 
2 0 ~it 8 12 16 20 24 28 32 36 40 

3 0 6 12 18 24 30 36 42 48 54 60 

• 4 0 8 16 24 32 40 48 56 64 72 80 

5 0 10 20 30 40 50 60 70 80 90 100 

6 0 12 24 36 48 60 72 84 96 108 120 

0 1 2 3 4 5 6 7 8 9 10 

0 0 0 0 0 0 0 0 0 0 0 0 

1 0 2 5 10 17 26 37 50 65 82 101 

C= 
2 0 I~ 8 13 

1//,. 
20 29 40 53 68 85 104 

3 0 10 13 18 25 34 45 58 73 90 109 
11/Yl 4 0 17 20 25 32 41 52 65 80 97 116 

5 0 26 29 34 41 50 61 74 89 106 125 

6 0 37 40 45 52 61 72 85 100 117 136 
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RECEXP10.MCD 06-08-09 

RECURSION FORMULAE and EXPLICIT FORMULAE 

Sequences when Roots 
are Unequal 

U := 1 V :: 1 

n :=0,1..15 j :=I 

RECURSION A :=j·A +k·A n+2 n+l n 

EXPLICIT 
Case of unequal roots 
with initial values a, b 

a :=u 

r:=~/+4-k r = 2.236068 

p := (j + r) 
2 

q := (j- r) 
2 

p = 1.618034 q =-0.618034 

FIBONACCI SEQUENCE 

b :=v 

r2 =5 

E :-
[(b- a·q)-p0 -(b- a-p)-q0

] G :J(b-a·q)·pn-1_ (b- a•p)·qn-1] 
n (p- q) n (p- q) 

n= A = E = G = n n n 
0 1 1 0 

1 1 1 1 

2 2 2 1 

3 3 3 2 

4 5 5 3 

5 8 8 5 

6 13 13 8 

7 21 21 13 

8 34 34 21 

9 55 55 34 

10 89 89 55 

11 144 144 89 

12 233 233 144 

13 377 377 233 

14 610 610 377 

15 987 987 610 



• 

• 

• 

RECEXP1 0.MCD 06-08-09 

RECURSION FORMULAE and EXPLICIT FORMULAE 

Sequences when Roots 
are Unequal 

u := l v :=3 

n:=0,l..15 j:=l k := l A :=3 
I 

LUCAS SEQUENCE 

RECURSION A :=j·A +k·A n+2 n+l n 

E:XPLICIT 
Case of unequal roots 
with initial values a, b 

a :=u b :=v 

p = 1.618034 

E :J(b- a·q)·p
0

- (b- a·p)·q
0

] 

n (p- q) 

n= A= n 

0 1 

1 3 

2 4 

3 7 

4 11 

5 18 

6 29 

7 47 

8 76 

9 123 

10 199 

11 322 

12 521 

13 843 

14 1364 

15 2207 

r =2.236068 

q =-0.618034 

E = n 
1 

3 

4 

7 

11 

18 

29 

47 

76 

123 

199 

322 

521 

843 

1364 

2207 

, [(b-a·q)·pn-l_(b-a•p)·qn-1] 
G .--=--__;;_c.....:.... __ ;__:;_,:._-=. 

n (p- q) 

G = n 
2 

1 

3 

4 

7 

11 

18 

29 

47 

76 

123 

199 

322 

521 

843 

1364 
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RECEXP10.MCD 06-08-09 

RECURSION FORMULAE and EXPLICIT FORMULAE 

Sequences when Roots 
are Unequal 

u :=O v := 1 

n:=0,1..15 j:=6 

RECURSION 

EXPLICIT 

p := (j + r) 
2 

A :=j•A +k·A n+2 n+l n 

Case of unequal roots 
with initial values a, b 

a :=u 

r = 5.656854 

q := (j- r) 
2 

p =5.828427 q =0.171573 

RAMANUJAN SEQUENCE 

b:=v 

r2 =32 

.J(b- a·q)·pn- (b- a·p)·qn] E ,-.;;;._ _______ ___ G :_[(b- a·q)·pn-1 - (b- a•p)·qn-1] 

n (p- q) 

n= A= n 
0 0 

1 1 

2 6 

3 35 

4 204 

5 1189 

6 6930 

7 40391 

8 2.35416·105 

9 1.372105·106 

10 7.997214·106 

11 4.661118·107 

12 2.716699·108 

13 1.583408·109 

14 9.228778·109 

15 5.378926·1010 

n (p- q) 

E = 
n 

0 

1 

6 

35 

204 

1189 

6930 

40391 

2.35416·105 

1.372105·106 

7.997214·106 

4.661118·107 

2.716699·108 

1.583408-109 

9.228778-109 

5.378926·1010 

G = n 
-1 

0 

1 

6 

35 

204 

1189 

6930 

40391 

2.35416·105 

1.372105·106 

7.997214·106 

4.661118·107 

2.716699·108 

1.583408·109 

9.228778·109 
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RECEXP10.MCD 06-08-09 

RECURSION FORMULAE and EXPLICIT FORMULAE 

Sequences when Roots 

u :=o 

n :=O,1..15 j :=10 

are Unequal 

V := 1 

k:=-1O A :=O 
0 

PHYSICAL CONSTANTS SEQUENCE 

RECURSION A :=j•A +k·A n+2 n+I n 

EXPLICIT 
Case of unequal roots 
with initial values a, b 

a :=u b :=v 

n= 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

r :=✓/ +4-k 

p := (j + r) 
2 

p = 8.872983 

A= 
n 

(p- q) 

0 

1 

10 

90 

800 

7100 

63000 

5.59·105 

4.96·106 

4.401·107 

3.905·108 

3.4649-109 

3.0744·10 10 

2.72791·1011 

2.42047·1012 

2.147679·1013 

r = 7.745967 

q := (j- r) 
2 

q = 1.127017 

r2=60 

2 

£.... = 39.364917 
2 

G :j(b-a·q)·pn-I_(b-a-p)·qn-1] 

n (p- q) 

E = n 

0 

1 

10 

90 

800 

7100 

63000 

5.59·105 

4.96·106 

4.401·107 

3.905·108 

3.4649·109 

3.0744·1010 

2.72791·1011 

2.42047·1012 

2.147679·1013 

G = n 

-0.1 

0 

1 

10 

90 

800 

7100 

63000 

5.59·105 

4.96-106 

4.401·107 

3.905·108 

3.4649·109 

3.0744·1010 

2.72791·1011 

2.42047·10 12 



• 

• 

• 

Rf CUR S!tJN FOR. Ill U LAG 
2 V°I (u~ o/e,fet,w•J-n•~ q_ f/2,,"rcl 

.:/57-vr..-e,,rdl c~ A4'\,+2. -=- ct. A-ii+, +- b A,,, 

P (0CJ?\J)t£-C- i, Ca.a, 
a-z. l 

b-::. I 

4 l(2... evi.:: - h =- o 

A"1,1'2, CZ A O\,+--J t- /lq 

X'- -x -t ;z o 

fc.ltMkN IJ if /rlJ NVM ~"E'rt,s 

B lllJ+)..-::: r;, G 'h -1--1 - B -11 
I 

Xi.. -CX-1-l- ~ CJ 

Pfc OD SVM NVM B b'/{f 

A-n-12 .:z f !}"IN - f /2/lr 
')(-,_.._ - f¾ X 1" fJ .:::.o 

x,1-x,__~; 
x,,~,_:::.p 

0., /) IOJ 90} 7/00J 7/{)0) vV' 

1-' 7- 1 101 io,17vo 02--001 ,, i 

' ·\ ( 



A z L L q_ AA'l+ I +-- fo ,A/I{] 
'llr) .. 

• 
I-1\.... r--u..-vq; Jlfil? f J.. e,re_ cir-11- J..., CAC?l?l 'J,I m;, JY] uA'f,l,b-?/d" 

fA'\ ,~f-e,,.cv'/--ti0 1 I c.. ACWV'9t'IY'\7 /VII/~ 

• 

• 



• 

• 

• 

v:: ~ [.2.m:>-m~-r11J 
"hpf'- 4 )"U,t,"a' ~ ~/1'1(/ /., a ft> &\.,'11 ~j:;/i't:-,-f- JJr.,.,__v }q 

V ::.:- Oi_,41 3 f- h -11 ~ r ri1 hi .[.. ct. 

1120 -:} cl ~o 
) 

0:z. I Ot. I- '1 f c -z €) 

'h::: ?-- t~ t--"lb ,;-.;J...c =f!J 'oi 

-?i.::. 1> '-7°< f'-o/ (j .f-?,c =$it/)-/ 

'2.c: "'- -2...,., ~ ;i.b 
"3~::. _3.,.-~h 

~ ~ ,J-- )./,, ?:: $' ~ 
i t,.J or /- t,J '""' ),. ~ 

·-r~~-c.0";:- -s 
:- l I. 

Gtt--J::::-5' 

a. :=., ' 

c - - I r!. - ~ 

-11 .::::." V 
C e 

.lf 0 

a ff" 

~ "1./ 
q· b-l/ 

f,n, ;;;_-;i 
/ L ) \W §' -r f;' 

Clf (J}io;, --;,,:;..1 

(1 



Subj: 
Date: 
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no visit 
9/21/2005 8:31 :33 M Pacific Daylight Time 
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/ 
/ 

I had a ange in plans which req~ me Q,_ dri'e through on #5. I will be back in October for a brief visit! 
Dr. Shima s that what I experienced was a<:.crashing' of the Yin field which surrounds the kidneys, Yin being 
in part water. q the task i~ to re-build thfYin\t ended up with total Yang which is a bit out of balance. Yang 
is restless and Yh.puts dcown roots. I lost my ro1 . 
The visit south was mi~. One old loyt§r is dying of ncer and is suffering intense pain! The other greated 
me warmly but may olrrta not leavefo anything in the turel We are different people. don 
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RECHAREX.WPD August 28, 2004 

FORMULAE: RECURSIVE TO EXPLICIT1 

Recursive formula: 1) 

To derive a solution, assume A =r1 n 

r2 =jr+k 

Characteristic polynomial: 2) 

whose roots are: p = (j + (j2 + 4kl )/2 , and q = (j - (j2 + 4kl )/2 

Hence, An = pn and ~ = qn are solutions of 1) 

that is, 

But a constant times a solution of 1) is also a solution of 1). i.e. if c and dare constants, 

then are solutions . 

Also the sum of two solutions is a solution, therefore, ~ = pn + qn is a solution. 

Combining the above, noting that p = p(j,k) and q = q(j,k), we get, 

Explicit formula 3) 

as the form of the most general formula for ~ . 

However, to determine c and d the initial values of 1) must be known. For example: 

If A0 = 0 , n = 0, then c + d = 0 and if A1 = 1, n = 1, then c(p-q) = 1 

giving, 4) 

Which is the most general explicit equation for Ao = 0 and A1 = 1 

[ note: p - q = (j2 + 4 kl ] 

1 [see Anderson's DISCRETE MATHEMATICS, p 220ft] 
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RECHAREX.WPD 

FORMULAE: RECURSIVE TO EXPLICIT1 

Recursive formula: 1) 

assume 

r2 =jr+k 

Characteristic polynomial: r2 
- j r - k = 0 

August 28, 2004 

Roots: p = (j + ✓(j2 + 4k))/2, q = (j - ✓(j 2 + 4k))/2 

Hence, Ai = p0 and Ai = q0 are solutions of 1) 

A constant times a solution of 1) is also a solution of 1 ). i.e. if c and d are constants . 

Also the sum of two solutions is a solution, therefore, A
0 

= p0 + q0 and 

Explicit equation: 2) An = c pn + d qn is the most general solution. 

Giving: A0 = c + d and A1 = c p + d q 

To determine c and d initial values of 1) must be known, for example: 

If A0 = 0 , c + d = 0 and if A1 = 1, then c(p-q) = 1 

Hence, 3) Ai= (p0 
- q°)/ (p - q) is the most general explicit equation for 

A = 0 and A = 1 0 I [The values of p and q depend onj and k] 

1 [see DISCRETE MATHEMATICS, p 220ff] 



• THE CASE OF EQUAL ROOTS 

When the roots of the characteristic equation 

2) r 2 
- j r - k = 0 

of the recursive equation 1) are equal, then 2) may be written in the form 

(r - t)2 = 0 or r2 - 2 rt+ t2 = 0 

Hence, j = 2 t and k = - t2· i.e. the solution t = j/2. Equation 1) then becomes 

A =2tA -t2A 
~ ~-1 ~-2 

We know that ~ = t' is a solution of this recursive equation, but ~ = n t' is also a solution, for 

n t' = 2 t (n-1) tn-l - t2 (n-2) t0
-
2 = t' [ 2(n-l) - (-2)] 

nt0 =nt' 

Thus in the case of equal roots, the general explicit formula becomes 

• 5) 

Again for the initial values A0 = 0 and A1 = 1, we have c = 0 and d = 1/t 

Hence 6) A = n t0
-
1 

n is the general solution 

For general initial values, 

In the case of unequal roots, 3) becomes: 

5 
In the case of equal roots, fl) becomes: 

8) 

• Page -2-
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NUMAPRX4.WPD September 2, 2004 

SOME NUMERICAL APPROXIMATIONS IV 

RECURSION FORMULA: A'.§)2 = 10 ~+1 - 10 ~ 

CHARACTERISTIC POLYNOMIAL: r2 - 10 r + 10 = 0 

The two roots are: u = 5 - ✓15 = 1.1270166... u2 = 1.270166 ... 
V = 5 + ✓15 = 8.8729833... V

2 = 78.729833 

v2/2 = 39.364917 

MEASURED VALUES: log10(aµ) = 1.127074, 

log10(aµ) - u = 0.000057 Q = 1.000051 

v2/2 - log10 S = 0.009035 Q = 1.000230 

EXPLICIT FORMULA: (see RECEXP9.MCD DESACH) 

where p = 5+✓15, q = 5 - ✓15 and p - q = ✓60 

v2/10 = 7.872983 

o = 0.001807 

u+v2/10=9 

o = 0.001750 

v-u= ✓60 

(log10 S)/5 = 7.871176 

Q = 1.000230 

log10(aµ) + (log10 S)/5 = 8.998250 

Q = 1.000194 

v+u=lO 

v2- u2 = 10 ✓60 (v-u)2 = 60 

v3 
- u3 = 90 ✓ 60 

v2 + u2 = 80 (v+u)2 = 100 

v3 +u3 = 700 

sequence 1, 10, 90, 800, 7100, .... x✓60 
i_; 

sequence 2, 10, 80, 700, 6200, ... 

Vu= 10 

¾n2 = 10 ~+! - 10 ~ [..2s---rof {difference X 10} 2 
.j t' IJ J.] -; 

e:.F F ;L,t>-11 cue.:_ 
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RECEXP9.MCD 

RECURSION FORMULAE and EXPLICIT FORMULAE 

General Unequal Roots Sequences 

j := 1 k := 1 A :=0 
0 

A := 1 
I 

n :=o, 1 .. 15 

RECURSION 

EXPLICIT 

A :=j•A +k·A n+2 n+l n 

Case of unequal roots 
and initial values a, b 

a :=0 

r:=✓/+4-k r = 2.23606798 

p := (j + r) q := (j- r) 
2 2 

p = 1.61803399 q = -0.61803399 

E :j(b- a•q)·pn- (b- a•p)·qn] 
n (p- q) 

n= E = A = n n 

0 0 0 

1 1 1 

2 

3 2 2 

4 3 3 

5 5 5 

6 8 8 

7 13 13 

8 21 21 

9 34 34 

10 55 55 

11 89 89 

12 144 144 

13 233 233 

14 377 377 

15 610 610 

FIBONACCI 

b := 1 

04-08-30 
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RECEXP8.MCD 

• 
RECURSION FORMULAE and EXPLICIT FORMULAE 

Sequences when Roots are Unequal 

04-08-30 

n:=0,1..15 j:=1 k:=1 A :=O 
0 

a :=O b := 1 

RECURSION 

ll= 

0 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

A = n 
0 

1 

1 

2 

3 

5 

8 

13 

21 

34 

55 

89 

144 

233 

377 

610 

r:=✓/+4-k 

A :=j•A +k·A n+2 n+l n 

E = n 
0 

1 

1 

2 

3 

5 

8 

13 

21 

34 

55 

89 

144 

233 

377 

610 

p :=(j+r) 
2 

EXPLICIT 

q := (j- r) 
2 

E :_[(b- a•q)·pn- (b- a-p)·qn] 

n (p- q) 

• 



• 

• 

• 

RECEXP9.MCD 

RECURSION FORMULAE and EXPLICIT FORMULAE 

General Unequal Roots Sequences 

j :=6 k :=-1 A :=O 
0 

A :=l 
I 

n:=0,1 .. 15 

RECURSION 

EXPLICIT 

p := (j + r) 
2 

A :=j•A +k·A n+2 n+l n 

Case of unequal roots 
and initial values a, b 

a :=O 

r = 5.65685425 

q := (j- r) 

2 

RAMANUJAN 

b := 1 

p = 5.82842712 q = 0.17157288 

E :J(b- a-q)·pn- (b- a·p)·qn] 

n (p- q) 

n= E = 
n 

0 0 

1 1 

2 6 

3 35 

4 204 

5 1189 

6 6930 

7 40391 

8 235416 

9 1372105 

10 7997214 

11 4.6611179·107 

12 2.7166986·108 

13 1.58340798·109 

14 9.22877803·109 

15 5.37892602·1010 

A = 
n 

0 

1 

6 

35 

204 

1189 

6930 

40391 

235416 

1372105 

7997214 

4.6611179·107 

2.7166986·108 

1.58340798· 10 9 

9 .22877803· 10 9 

5.37892602·1010 

04-08-30 
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• 

• 

RECEXP9.MCD 04-08-30 

RECURSION FORMULAE and EXPLICIT FORMULAE 

Sequences when Roots 
are Unequal 

n :=0, 1.. 15 j :=10 k:=-10 A :=2 A :=10 
0 1 

RECURSION A :=j•A +k·A n+2 n+l n 

EXPLICIT 
Case of unequal roots 
with initial values a, b 

a :=0 

n= 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

r :=✓/+4·k 
p := (j + r) 

2 

p = 8.87298335 

r = 7.74596669 

q := (j- r) 
2 

q = 1.12701665 

E :_ [(b- a•q)·pn- (b- a•p)·qn] 

n (p- q) 

E = 
n 

0 

1 

10 

90 

800 

7100 

63000 

559000 

4960000 

4.401·107 

3.905·108 

3.4649·109 

3.0744·1010 

2.72791·1011 

2.42047·10 12 

2.147679·1013 

A= n 

2 

10 

80 

700 

6200 

55000 

488000 

4330000 

3.842·107 

3.409·108 

3.0248·109 

2.6839· 10 1 O 

2.38142·1011 

2.11303·1012 

1.874888·1013 

1.663585·10 14 

G = 0.94806967 lOG = 8.87298335 

DESACH 

b := 1 

m:=1,2 .. 15 

, 
fH-9 =-J 

L = 
m 

ttCj'::f 

Y' "" V7:o 
p-:: sf 1/TJ 
9-:;. 6'-"15-

1 

1.90308999 

2.84509804 

3.79239169 

4.74036269 

5.68841982 

6.6364879 

7.58455736 

8.532627 

9.48069666 

10.42876633 

11.376836 

12.32490566 

13.27297533 

14.221045 

10·10-G = 1.12701665 



• 

• n= 

• 

RECEXP1.MCD RECURSION FORMULAE TO EXPLICIT FORMULAE 04-02-17 

0 

.1 

,2 

3 

4 

'5 
6 

7 

A= 8 

9, 

10 

1.1, 

12 

13 

14 

15 

1,6 

17, 

18 

A(n+1) = j A(n) + k A(n-1) 

' '\, 

j:=0,1 .. 9 k :=0 

r(j) :=✓/ + 4-k 

p(j) := (j + r(j)) 
2 

·- (p(j/- q(j/) A .. 
n,J r(j) 

.· ,o· ·• 1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

Case of unequal roots with 
initial values A( O)=0, A(1 )=1 

n:=0,1 .. 18 NUMBER SEQUENCE 

q(j) := (j- r(j)) 
2 

j = 

')2,., 
.) ,., 

I C { '\ 3 : ' ' :(( I•,: 

0 0 

1 1 

2 3 

4 9 

8 27 

16 81 

32 243 

64 729 

128 2187 

256 6561 

512 19683 

1024 59049 

2048 1. 77147·1 as 
4096 5.31441·105 

8192 1.594323·106 

16384 4. 782969· 1 Q6 

32768 1.434891 ·1 Q7 

65536 4.304672·107 

1.31072·105 1.291402·108 

~ b j h 
I 

0 J J 0 

1 

.. : ... , •. I\ii;i}::~•i<•·:'.:·ii\:',:••·•··· 
0 

1 

4 

16 

64 

256 

1024 

4096 

16384 

65536 

2.62144·105 

1.048576· 1 Q6 

4.194304· 1 Q6 

1.677722·107 

6.710886·107 

2.684355·108 

1.073742·109 

4.294967·109 

1.717987·1010 



• 

n = 

• 

• 

RECEXP1 .MCD RECURSION FORMULAE TO EXPLICIT FORMULAE o4-o2
-17 

I 

o. 
j. 

t'. 
~. 
'it 
',5 

6 
. ' 

7 

8 

··~· 
10 

1.J 

12 

A(n+1) = j A(n) + k A(n-1) 

j:=0,1 .. 9 k:=-1 

r(j) :=✓l +4·k 

p(j) :-(j + r(j)) 
2 

,_ (pot- q(j)0
) 

A.,-----
n,J r(j) 

.0 ' .·... ' :1.•··. ' . ' 
:. . .· .. ·,.. \· :;, . ' 

0 0 

1 1 

0 1 

-1 0 

0 -1 

1 -1 

0 0 

-1 1 

0 1 

1 0 

0 -1 

-1 -1 

0 0 

Case of unequal roots 
and initial values 0, 1 

n:=0,1 .. 12 NUMBER SEQUENCE 

q(j) :- (j - r(j)) 
2 

j = 

.... ;. ., 2\. ·:,, > '.··.· 
. 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

,:~=: 
.; · .. · ·:·.· .·· 

0 

1 

3 

8 

21 

55 

144 

377 

987 

2584 

6765 

17711 

46368 

i- .. ~:::t~:0 
0 

1 

4 

15 

56 

209 

780 

2911 

10864 

40545 

1.51316·105 

5.64719·105 

2.10756· 1 Q6 



• 

• n= 

• 

RECEXP1 .MCD RECURSION FORMULAE TO EXPLICIT FORMULAE o4-o2-17 

A= 

A(n+1) = j A(n) + k A(n-1) 

j:=0,1 .. 9 k:=-1 

r(j) :=✓/ + 4-k 

p(j) := (j +r(j)) 
2 

·= (p(j)°- q(j)°) A .. 
n,J r(j) 

;,! 'iii: ,,',('>:',,\4:i;''',' :,"•':,; 
',' . <),:,;:-'i'.r >' 5,::•'1,})'.;'l:i::1: 

0 0 0 

1 1 1 

2, 4 5 

3 15 24 

A 56 115 

,S: 209 551 

6 ·!'°' 
780 2640 

:7 2911 12649 

8 10864 60605 

9 40545 2.90376·105 

10 1.51316·105 1.391275·106 

,1J' 5.64719·105 6.665999· 106 

12 2.10756·106 3.193872·107 

1,3 7.865521·106 1.530276· 1 QB 

14 2.935452·107 7.331993·108 

15 1.095526·108 3.512969·109 

16 4.088558·108 1.683164·1010 

17 1.525871·109 8.064526·10 10 

18 5.694626·1 Q9 3.863946· 10 11 

Case of unequal roots with 
initial values A( 0)=0, A(1 )=1 

n :=O, 1 .. 18 NUMBER SEQUENCE 

q(j) := (j - r(j)) 
2 

k = -1 

j = 

' ?:_;:: :,, I'1,YI, '':';I ;,·p:c:y' 'ii'':'' ,,,,,::.7ii/', )fi, 

0 0 

1 1 

6 7 

35 48 

204 329 

1189 2255 

6930 15456 

40391 1.05937·105 

2.35416·105 7.26103·105 

1.372105·106 4.976784· 1 Q6 

7.997214·106 3.411139· 10 7 

4.661118·107 2.338029·108 

2.716699·108 1.602509· 1 Q9 

1.583408·109 1.098376·1010 

9.228778·109 7.528381·1010 

5.378926·10 10 5.160029·1 0 11 

3.135068·10 11 3.536737·10 12 

1.827251·1012 2.424115·10 13 

1.065·1013 1.661513·1014 

"' ' '"":,;.., :,,,,,,,, , ·:_, •. ,,.:1\::•>'.Yi%~.:>:?i;;•:,;;,,q,: 
0 

1 

8 

63 

496 

3905 

30744 

2.42047·105 

1.905632·106 

1.500301 ·1 Q7 

1.181184·108 

9.299445· 1 QB 

7.321438·109 

5.764156·1010 

4.53811·1011 

3.572847·10 12 

2.812896·10 13 

2.214588·10 14 

1.743542·1015 



• 

• 

• 

RECEXP1.MCD RECURSION FORMULAE TO EXPLICIT FORMULAE 04-02-17 

n= 

I 

0, 
1 ··· 

2: 

~i 
•.4\ 
5 

6 

A= 7 

,8 

9 

10 

.1t 

12 

13 

14 

15 

16 

A(n+1) = j A(n) + kA(n-1) 

j:=0,1 .. 9 k:=-2 

p(j) := (j + r(j)) 
2 

A . := (p(j)n - q(jt) 
n,J r(j) 

0 ' .1,' . ' 

0 

1 

0 

-2 

0 

4 

0 

-8 

0 

16 

0 

-32 

0 

64 

0 

-128 

0 

, .• ,· i :: 
0 

1 

1 

-1 

-3 

-1 

5 

7 

-3 

-17 

-11 

23 

45 

-1 

-91 

-89 

93 

Case of unequal roots 
and initial values 0, 1 

n:=0,1 .. 16 NUMBER SEQUENCE 

q(j) := (j - r(j)) 
2 

k = -2 

j= 21'1-I 

~ 
.· <? .·., ' 

·:< :' ,, ,ii ' ··./ , .. ': : . I'• '3-,,;: 
' .. ,1, I 

0 0 

1 1 

2 3 

2 7 

0 15 

-4 31 

-8 63 

-8 127 

0 255 

16 511 

32 1023 

32 2047 

0 4095 

-64 8191 

-128 16383 

-128 32767 

0 65535 

0<h J f? 

(] I J -2 

· IT;':.:f )/A;.:r:; ... 
0 

1 

4 

14 

48 

164 

560 

1912 

6528 

22288 

76096 

2.59808· 1 os 
8.8704·105 

3.028544-106 

1.03401·107 

3.53033· 10 7 

1.20533· 1 oa 



• 

• 

• 

RECEXP1 .MCD RECURSION FORMULAE TO EXPLICIT FORMULAE 04-02-17 

n= 

Q, 

.:,,1: 

2:-: 
/3 

4: 
,5 

6 

7 

A= 
8 

,,9 

10 

tls 
12 

1,3 

14 

15 

16, 

17 
18 

A(n+1) = j A(n) + k A(n-1) 

j:=0,1..9 k:=-3 

r(j) :=✓/ + 4-k 

p(j) := (j + r(j)) 
2 

A . :- (p(j)°- q(j)°) 
n,J r(j) 

' ,_:-_,s'::,'6'' ',', ·',,:,' ','' ·),, ,/; ,1!1'<,''., 
' ,;,,', ' ' ' 

0 0 

1 1 

0 1 

-3 -2 

0 -5 

9 1 

0 16 

-27 13 

0 -35 

81 -74 

0 31 

-243 253 

0 160 

729 -599 

0 -1079 

-2187 718 

0 3955 

6561 1801 

0 -10064 

Case of unequal roots 
and initial values 0, 1 

n:=0,1 .. 18 NUMBER SEQUENCE 

q(j) :_(j- r(j)) 
2 

k = -3 

j = 

,:,'\?:,: 2:, ',,' ',:;:: 
:, l, ,. i: ,'''{',,. ·,,,:~•<'; ;::'o:)/'\,) 

0 0 

1 1 

2 3 

1 6 

-4 9 

-11 9 

-10 2.759251·10 -15 

13 -27 

56 -81 

73 -162 

-22 -243 

-263 -243 

-460 -2.510107·10 -13 

-131 729 

1118 2187 

2629 4374 

1904 6561 

-4079 6561 

-13870 8.859986·10 -12 

c~ lo v ?,_ 

CJJ IJ J 1 -3 
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• 

• 

RECEXP4.MCD RECURSION FORMULAE TO EXPLICIT FORMULAE o4-o2-19 

k 

S= 

A(n+1) = j A(n) + k A(n-1) 

j :=0, 1 .. 15 k :=-9,-8 .. 9 Squares of radical values 

.. ~f· 1,' 

.:9 0 
::.a 0 
ii','•,• 

/:J 0 

/6 0 
l',u,, 

,;p, 0 
~4 

,.,;', ... 0 
,;3 ,,,, 0 

~2 0 

.~t 0 

:!9 0 
1·· 0 

;2 0 

.3 0 

:4 0 

51 0 

6 0 

\:?:~ 0 
rs 0 

,.9 0 

·-·
2 4 k sk .. -J + . 

,J 

0 . · 1 · .. 2.:' 

-36 -35 -32 

-32 -31 -28 

-28 -27 -24 

-24 -23 -20 

-20 -19 -16 

-16 -15 -12 

-12 -11 -8 

-8 -7 -4 

-4 -3 0 
"' 

0 1 "4 
4 l-':".':'.5J :'.!.fr~; .. ,, .. 8 

8 9 12 

12 13 16 

16 17 20 -
20 21 ~i 
24 25 128) 
28 29 32 

32 33 36 

36 37 40 

3. 

-27 

-23 

-19 

-15 

-11 

-7 

-3 

1 . 
$ 5. 

9 

13 

17 

21 

@ff 
/29) 

33 

37 

41 

45 

:A\· ,, ',\'' 
.' 5:C ·. .6 : .·1, ' a, "·ac:, 1Q :,tr:· '12. i?,, ·,,/,i: 

-20 -11 0 13 28 45 ,64 85 108 

-16 -7 4 17 32 49 68 , 89 112 

-12 -3 8 21 36 53 72 93 116 

-8 1 12 ,25 40 57 76 97 120 

-4 5 16 29 44 61 80 101 124 
' 

0 9 20 33 48 65 84 105 128 
< 

4 ,, 13 24 37 52 69 88 109 132 
' 

8 17 28 41 56 73 92 113 136 .. 
12 21 ·~i~ ;/•J,:11 '. 45 60 77 96 117 140 

16 25 36 49 64 81 100 121 144 

20 29 40 ® 68 85 104 125 148 

24 33 4j) 57 72 89 108 129 152 

28 (f-P 48 61 76 93 112 133 156 
7 32( 
~ 

41 52 65 80 97 116 137 160 

36 45 56 69 84 101 120 141 164 

40 49 60 73 88 105 124 145 168 

44 53 64 77 92 109 128 149 172 

48 57 68 81 96 113 132 153 176 

52 61 72 85 100 117 136 157 180 

n~:: :'14'1 
:'I:\•: ".i'-,,,;:y,, 

133 160 

137 164 

141 168 

145 172 

149 176 

153 180 

157 184 

161 188 

165 192 

169 196 

173 200 

177 204 

181 208 

185 212 

189 216 

193 220 

197 224 

201 228 

205 232 

(f5'l;. 
.:\\ 1••,l)i•1 

189 

193 

197 

201 

205 

209 

213 

217 

221 

225 

229 

233 

237 

241 

245 

249 

253 

257 

261 



• 0000 

Joo o 

O··· 
0 

• 

• 

/4:) A, J i~ 

I <VJ t-n 

CJ t 

- [ '1 
J... C, 

3 It 
1-j I 

~e,J.. :::. £~t/-{j,>t4 

J~ ~ V ~.,_, fJ.fk 

/41,,,...s 
(J 0 

J 2... :=, & 41 
:2 Vv-'J.-2-I l O 

3 -.g- ro-z. l 
'1 Vs 



• PYTHAGOREAN TRIPLES 

m:=1,2 .. 8 n:=1,2 .. 10 

A :=2-m·n m,n 

Y1 

0 1 2 3 4 5 6 7 8 9 10 
0 0 0 0 0 0 0 0 0 0 0 0 
1 0 0 -3 -8 -15 -24 -35 -48 -63 -80 -99 
2 0~ 0 -5 -12 -21 -32 -45 -60 -77 -96 

B= 
3 0 8 5 0 -7 -16 -27 -40 -55 -72 -91 
4 0 15 12 7 0 -9 -20 -33 -48 -65 -84 

5 0 24 21 16 9 0 -11 -24 -39 -56 -75 
6 0 35 32 27 20 11 0 -13 -28 -45 -64 
7 0 48 45 40 33 24 13 0 -15 -32 -51 
8 0 63 60 55 48 39 28 15 0 -17 -36 

0 1 2 3 4 5 6 7 8 9 10 
0 0 0 0 0 0 0 0 0 0 0 0 
1 0 2 4 6 8 10 12 14 16 18 20 

• A= 

2 0 ##; 8 12 16 20 24 28 32 36 40 

3 0 6 12 18 24 30 36 42 48 54 60 

4 0 8 16 24 32 40 48 56 64 72 80 

5 0 10 20 30 40 50 60 70 80 90 100 

6 0 12 24 36 48 60 72 84 96 108 120 

7 0 14 28 42 56 70 84 98 112 126 140 

8 0 16 32 48 64 80 96 112 128 144 160 

0 1 2 3 4 5 6 7 8 9 10 
0 0 0 0 0 0 0 0 0 0 0 0 

1 0 2 5 10 17 26 37 50 65 82 101 

2 0 ~ 8 13 20 29 40 53 68 85 104 

C= 
3 0 10 13 18 25 34 45 58 73 90 109 
4 0 17 20 25 32 41 52 65 80 97 116 

5 0 26 29 34 41 50 61 74 89 106 125 
6 0 37 40 45 52 61 72 85 100 117 136 

7 0 50 53 58 65 74 85 98 113 130 149 

8 0 65 68 73 80 89 100 113 128 145 164 

• 
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B :=110 

N:=1,2 .. (B-1) 

(N) :=B·N+ (N•(N+ 1)) 
2 

V(N) ·=B·N-
(N•(N+ 1)) 

2 

V(N) = N= S(N) = -109 1 111 -
217 2 

'-
I'--. 223 

324 3 ."" 336 ,_ 
430 4 4~0,_ ,.___ 
535 5 565 

'-

639 6 681 
'-

742 7 798 ,.___ 
844 8 916 ,__ 
945 9 1.035·103 -1.045·103 10 1.155·103 -1.144·103 11 1.276·1!V' ,_ 

1.3j)8"103 1.242·103 12 ,_ 
1.339·103 13 ,,,(521·103 ,_ 

I/ 1.435·103 14 1.645·103 

,% 1.53·103 1.77·103 
I"'--

/ 1.624·103 16 1.896·103 ,__ 
1.717·19}' 17 2.023·103 ,_ 
1.89J)103 18 2.151-'103 ,_ 

/1.9·103 19 2.28·103 -1.99·103 20 2.41-103 
'-

I"< 3" fa; 
FULCRUM5.MCD 03-09-23 1cr r1 t.1,0 

f 
~ µ J < B -

J :. ~+1<.. < B ~ pt-\~ 

~ 
V(N+20) = N+20= S(N+20) = V +40) = N+40= - / 

-
2.079·103 21 2.541·103 3.649·103 41 - '-
2.167·103 22 2.673·J_O?' 3.717·1Q3 42 -- --2.254·103 23 2y06•103 3.784·103 43 

I- ,_ 

2.34·103 24 I/ 
V 2.94.'103 3.85·103 44 

~ - '-
2.425·103 ~ 3.075·103 3.915·103 45 0 ,_ 

r-.?,509·103 V 26 3.211-103 3.979·103 46 -- ,_ 
2:-Sg_z10;, 27 3.348·103 4.042·103 47 - '-

2,~,fo~ 28 3.486·103 4.104·103 48 

~ - '-

/ 
/2.755·103 29 3.625·103 4.165·103 49 

~ 
'--

2.835·103 3.765·103 4.225·103 50 - ,_ 
2.914·103 31 3.906·103 4.284·103 51 ,_ ,_ 
2.992·103 32 ~48·103 4.342·103 52 ,.___ ,_ 

3.069·103 33 4.19N~ 4.399·103 53 ,.___ '--
3.145·103 34 4.335·103 I'---... 4.455·103 54 ,__ '--
3.22·103 35 4.48·103 ~1·103 55 - 4.564• 1l)°@-

,___ 
3.294·103 36 4.626·103 r-.... 56 - 157'-3.367·103 37 4.773·103 4.617r103 -,_ ,_ 
3.439·103 38 4.921-103 4.669,103 58 ,__ '--
3.51-103 39 5.07·103 4.72·103 59 - '-
3.58·103 40 5.22·103 4.77-103 60 - ,_ 

• 

S(N+40) = 

5.371·103 

5.523·103 

5.676-103 

5.83·103 

5.985·103 

6.141·103 

6.298·103 

6.456·103 

6.615·103 

6.775·103 

6.936·103 

7.098·103 

7.261·103 

7.425·103 

7.59·103 

7.756-103 

7.923·103 

8.091·103 

8.26-103 

8.43·103 
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B :=81 

N:=1,2 .. (B-1) 

S(N) :=B•N + (N•(N + l)) 
2 

V(N) :=B•N- (N·(N+ l)) 
2 

237 

314 

390 

465 

539 

612 

684 

755 

825 

894 

962 

1.41·103 

6 

7 

8 

9 

10 

11 

12 

16 

17 

18 

19 

20 

• 
FULCRUM5.MCD 03-09-23 

S(N) = 

82 

165 

249 

334 

oz 
___ 5_95--t~ 

___ 6_84--t . / 

774 / 

1.144·103 

1.239·103 

1.335·103 

1.432·103 

1.53·103 

1.629·103 

1.729·103 

1.83·103 

V(N+20)= 

1.47·103 

1.529·103 

1.587·103 

1.644·103 

1.7·103 / 
1.755·1~·· 

1.§_0g.103 

('i.862·103 .... 
1.91~03 

1.965·10-S... 

~-2.015·103 

2.064·103 

2.112·103 

2.159·103 

2.205·103 

2.25·103 

2.294·103 

2.337·103 

2.379·103 

2.42·103 

• 

N+20= S(N+20) V(N+40) = N+40= S(N+40)= - 1.9~"103 
-

21 2.46·103 41 4.182·103 - -
22 1,.,-2':035·103 2.499·103 42 4.305·103 -V -
23 2.139·103 2.537·103 43 4.429·103 

% -
2.244·103 2.574·103 44 4.554·103 

,- -25 2.35·103 2.61·103 45 4.68·103 - -
26 2.457·103 2.645·103 46 4.807·103 - -
27 2.565·103 2.679·103 47 4.935·103 

- -
28 2.674·103 2.712·103 48 5.064·103 
,- -

29 2.784·103 2.744·103 49 5.194·103 - -
30 2.895·103 2.775·103 50 5.325·103 - -
31 3.007·103 2.805·103 51 5.457·103 

if -

~-
3.12·103 2.834·103 52 5.59·103 .._ -

33 ~34·103 2.862·103 53 5.724·103 - -
3.349':'f 0~ 34 2.889·103 54 5.859·103 - --- -

35 3.465·103 --2~ 55 ~.995·103 -
36 3.582·103 2.94·103 -56 o.132·103 
,- -

37 3.7·103 2.964·103 57 6.27·103 - -
38 3.819·103 2.987·103 58 6.409·103 .._ -
39 3.939·103 3.009·103 59 6.549·103 

- -
40 4.06·103 3.03·103 60 6.69·103 
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• 

• 

• 

2.. 
1.. ( 

{) Vv I J- /V f!. /~ 'H-f't.f' 

5 I ' 0',o P ::. i 0 ,.tf / p..,,__,./ 

6 - N fZ> ~ !J<(J 1. f NJ) p I- 1 
----=(J- I- -

I 2., 

'{3 - WP (-A; 2.. P -f-N f-- Pi-! 
2, 

6 c) 1:, - ::Z ( Mj_ Pt-- /v!)f-A/J + PN 

;z, 
A-JI odt:{ f, C/,]A<{ ;?'vi,? N ? ,Ne.-; r \ kyer 15 

----- - - - -

l.LJ!,-,lf p e,v(!<-/\ v~_ 3 c) e V-&<-t + t/ ,:!4 - )-

Mf {'( :: /U[(f)f ;J 

k = q,rJ &?.le/ 
Pi-J:::: 3; 5'1 7.1 cy; -
/V:. !)2J?;,,,,' 

+- G1 Io_; 111; I y 

i:, 
N),if ,,__ f- 2.. F'-i--1) f- Al Pt- /'I 

N>-p'- f- )_IJJ.-j';; + liP f-Yvl., f-N 

p 

fjJ_ 
)_ 

"J:PfB-lvU~t--f)J :..l[IJ<2[f:>f-l)" +fiCP+i)] f- PCPff) 

~ (f f-t)f J-.. [ fv' ;;- CP1-;) 1--fJ J f ~ 5 
'l_PB - 2 e /l!lF>H) -=

:l.P 6 -ei: - lf!J ·=
v'ott 

p 6 - P ti 
;....--' 

f't/ 

-----> 

. !..."""' N -: .. J) 2- i 3 "1) ., 
/ 

k ':.. err1.ly e ;./-ih15 

I &1;0 1 ~p-~r»1 
,i' V GJ- }-<.. = fJ{P-H) 



• -
ti ~ 'fr-uG· o/ 

\ i Hi.._ 
:ii: < 0 )> 
CD (I) ::J ::J 9 I 
'f u1' ► o. I 17 
-· CD -, ,...+ 

~-(/) 3 ~ 2--- 33 CD_OJCll 
::J O C" -";>3 i,t er =t O CD CD 
0 ;,-"Q.:::, 
::J s· a. OJ "t r; '5' (I) CO O < 
Cl. ::J -· 
o~-Q .----5- s rl 
::i- ::i- cii" 
::!. CD 

Cl. C/l OJ 
=: Cl. OJ / 'i 'J,.2.7 OJ = ::J 
::J ::J co 
C/l (I) • (I) 

::E C/l a ,~ ::i- -· ::i- ,.'oo/ 0 ::J CD 
.-'< 

l-f. 

7 
1., 

o/ 
(,, 

j s-
,_ 

r; 
OJ ::i- C/l 
(") (I) "CJ 
=: ::J (I) 
< CD ::J 

~'3 52, ~ !:!?.. :ii: Cl. 
'< C/l OJ 
0 • 

"CJ "CJ co 
"CJ OJ -, -· ·b9 G·25 0 .-+(I);,--
C/l Cl OJ CD 
CD ~ 

l 
2 '.) 

L. 

2:i 

""C OJ ::J 

1 r;. I ::J co (D p:) '< .- CD 
(Jq 0 -
(1) ;,--co a OJ 
I s· m. =: ::J I Ob)? ..... Cl. ::i- 3 &~ I 0 CD CD --, 

-, "CJ :ii: 
CD -· OJ 

Cjs- /5~1 (") (I) .-+ 
0 (") (") 
::J rn ~ 
(") ::J =- Q. -< I OS- I G~l ~ -· 0 ff C 

0 "CJ ::i-
-, -, OJ 

3 3 CD < 
OJ OJ CD 

0 gg.3 
::J CD = 

3 I 

~-:::, 

3,q 

t/ I 
I 

..... w == 
C/l O. 0 

ol "Q. ~ 
9?..CDClo 
cii"~ .-

OJ CD ~Q ::JOJOJ-, 
Cl. C/l "CJ cii" 
-0 0 =: 
~OJ 

0 OJ i;l 
C/l --· g-~r~~ 
-· OJ CD OJ 
OJ co .-+ 

ijl CD ~ 

•
1
1·1 

~ 

'I 

') 

j 

C 

7 

$ 

~t 
L:,. ~ 

7 

?f 
t.\ 5 

fl 

12 
,q 

t5 

! G 

I 1 

}O 

P1J=W s·1 

ti. 3 
y 

I 7-, !i 
/~./~ /...j 7 
I c. 

t../o 
·;.rf . 

GO 
9 
Ii 

'?-'/ r'-1 13 
1--'o u /)., j) 

I<,::: -t!:.(!1-fb7 • 
2-, 

F f/l/-P4_ 

/,( A-, t,/)w-,,/1,,___ -;z- .9 

5~ I< i~+-k 
P.f.-1 - t- k + - rr 2.., 

p -Btt"O"'\ 2 ~rhy 

i.; 

tJ w~1tiJ r I<, h,{-/< - .l!.-
_....:.---' - ~ p 

/'J ;- , .,.I" 

p 
// v/ ~ 

9 
)S 

~ q 

'-Ji 
Ji I 

IG1 

"J-.2'; 

N 

f fV -:. 

(1:: J-,f' 7, 

w:.. 
~ 

t( 

f' --tAL 

flJ:;:.. ·v\J 

St1 ~ I+ ?. ~v :-: s1 J v,, 
~ w~tr 

IN-; I"[ /-- fl 

I Z> (., ) () I /'.f / }._(/ 2.15 
I J I 



ft> ~ ::-L Ai 2, l p I I J )-- + N C /J I- I J] l (P -1-- I) +- iJ C pt-/j 

• 

I<~ If' 
.. !,,~ )..- a./nri 

cl\..-, 

• 

p 

-----·---,;__p 
i3 ':'.._ ([>+1_) 1 A N·i.. [Pf-d f-- l.. IV + ;-:i + 2-tJP} 

(!)c!.J_ ., -e,_ V .vn 
12> :_ -------

~ ev-t ... , 

8 ~ f.< f- f<lf /-{ + Pf I 

? 2-, 

f> ;:_ 'i I< t- i1 ( k + i) i- f 
1 

?-,(/V)._P+f\JP f-NJ f-(p-rL/j 

2 
( f {) w' -(:,1/-?'v, 

V}v!vc&i ){!q 

rv-).--r- j--{IJ r {- fJ -"J/11/!A.,f f ✓re d-veJ 

JJ"-{v~ ,,, DI') 

h 'lb ~ J ~ 140 t/ c;-?04Jr/i; 

~ ~ J) 

2. 

-::1.-



Iv 
I 

d-

3 

t./·3f-tv°3f-fll f-2-.. 

83 
q 

?-?.. 

lvt! 

1z..:: 'fvP J :. l<.t-(c> 
7 ~ 
(. '1 

~ It-

7 G 
I 512~ ;1../ .2- > 

7-,0 2. '1 

/''1 
)__ ,~ J. 

rr 2-6· 
I? ?--7 
/.f 2.8; 

/':>" ~ _, __ 
/'--f 
; 3 r '.)3 
---.. 

v( 

l!/b 1· 

k {. r<. f--.t) 

[JX 

j/ 

1L,:NP 

3 3 ✓./ . 2. l [ < 2- f ~) +- p (?Uj 

'J,? 

(3----f<. ;;-. 'J.._f~[/<.,f-)) r f'[/iJf'}_j 

c---·-- ')_'f ·- F -e v.b-7 ------------------

/ l~C /Z +-i) --------r F 

r '.:: ~ )L 

/(2- i-l<- ..J-- x' +l 
~ 1-,, 

)...'j 

1<.=,~-
-'t"'[(A f-Lt 
{,jA C1"- I/"\ io/4-

-k~(~) 
:)..., 

I+ /G 1 u:_, $?{ 111/f 

y:o 

{<__·: - ~ -
X -';. - ~ ~ i<.(l(f-1 ')': 41 

\</ f- (,<. - ?t'] =O 

')., \I J...-;'{V\ \ 
fflll 'f-' j 

• 

r\ 
7 
l-/ 

// 



• 

• 

• 

P :z I< 
P::(J-K) 

J5 -{< :::_ (Llf:-_ +- !.±J 
L, 

g -(t-1) '=- {!_-I) f- f_±j_ 
2-, 

fz; "'-- ?-_JP-!) f-- ~ 
1----

2 fj [I - I<) :;- I<. 2._ f I< f- ✓ )._ f-- J~ 

J z I<+ I 

'-. ID :::. l ~ f J< -J.--- (/!.H) ,__ + 1-Z+-J 

--- Jj!+ J.( f: 1< ·r- )_}( t- I 1-- k t-J 
0 / 

\ RJ<)_ r-111<+2 J) 

lo ~ Jf-+;LJ-< t / =\f!--r-J)--- Ok 

.J=-!<+2 

?.jf; -==- /( 
1 

-1-- I< I- ~-<.1-2) )._ t /z f-2-

'::. It' +- [-{ t- j~ A+- J,J k >;-, ~ H.Z +-2 

~~ ~ -=- A k_ j._ + t i< + {; 
'J 3 ::: I~ >-- f- ~ K +- 3 

)-, 

2. 

G e ~ 1< ]._..{-- (-< +- u-<--1-3f + K+-3 

~1<~ k+- k~r CI-<_ +-1+-r-<. t .3 

")__ L !(2 +- r:; /<.. + I 2-, 

/3 :::.. ~ I< -z, f-- ~ K +- /2-, 

I<. t r-0< 

\2- iJJ I 

r&J,hi-{ 



7 :: i{ -/..5' 

Ju ~ ::z i-< 'I-.;-/- k_ +- (k+§) J- !- }Lf-S' 

-:::... k};....1-IZ t-k,J-,1- /Dk +2-r+;.2..+r; 

[00 = J._)<L{---))._{~ --f--30 

ro~ J<)__+- r,, µ__ -l-15' p,;,,,4;, • 
5' 

.2.._ 

l le ==- I< 1- f- ;,< f-- t I<. +t, J J- k rt 

-::: /.(J-..,1-J< +- k 1.. + /2-k f-- 3 6 -f-Jz t- I 

f3 :: ~ J.<.1· f- J ti)~ 1- '1 L, ~ kl- -I- 71-1, +- 2 / 

/L C,, 

J;:, k+1 0-/,( v,r/<JA-'f/4 

,T-:::. 1<'. +;:_ ~vt 

r/ ':: 1-< +s • 7. I f ,!J;,::7, 41·:., 

J::: I\+~ /Jh,!J//d • J c:. J.( ·f--5' )J 5,-;iJ/4 
('<= f-<t6 /}'\[)10 

Page -3- • 



• 
p 
~.ccf~~ 

S~U/oR5S 

$ £ Gl V £/\le;;;- S 

T R_ l Art\/ G- lJ l- It fZ Iv UM 8 IER S 

CJ & 0 Cl 0<:!) ~ 01:!)Cl gc,o 
0) ?:-:) ii) 

()()0 

~;"J (.) c:D ('8 r{) (;j) 
··, ""\ 

Ii.£' C.D (1:J) y l~.-

TNf I 3 ' I 0 IS" -:i.t 72-8 ;,6 J../:{' b--s" &6 78 

i.J.[TN) t 3 '-/ ':;'"' G 7 r 'j 

::: I!.. Cr 11) I 4 /0 2,D 3 :r 6-6 ¥'i I ;_ 0 IC'.>- ?. 2o 2-¥ G 3,; 'f 

CI I /.../ q 16 i-5 36 'to/ &, 't '?I ID o I 2./ I 'i'f 

ACJ ?, s-- 7 '1 II 13 l'5 /7 I C, 2.t 23 

.Ll(YH-):::. TN 

1J .. 1Ad::.: TH 

P. ~ Ct,M, fb,,-i,-,J..f-C,1;14-cl 
(h 

I, 2 7 

I -:. c:c. 1- ¼1 re.. l- ~ > 3-:: 7°' f. 5b -1-c > 3-::. t2ei..f-2.h >/-:. ~q 
t.J -=- r C(_ +- 111, 1-).., c +- o,{ > ? -=- 1 c, CL +- ,b +- c > 1i -:: 1 r C( -,. :;2. b 
/() _ i?0- r °fl:, r3c.._ +d. >Jr)-~ 370-1-76 +-c 

l0 -:; {/70r -tJ ! £ h f-t./ C J--- cf 

a.. .,_J... b-:: I I cl,::.0 
") 

c-::::- ) a,1 :2, 3 

1° =- l.. M :5 f ;:_ M 
2, l, M f, 

-11 (9 '2.. 3 

J-- J 

f ::: 0-t+z) ! 

/vi (111-l) ( 3 ! 



• 

FIBONACCI 

• 

• 



• 

• 

• 

FIBRAMl .WPD February 13, 2004 

Fibonacci Numbers 

The recursion formula for the Fibonacci numbers is Fr-1-1 =Fr+ Fr-I 
Beginning with the initial numbers 1 and 1 the recursion formula gives the Fibonacci sequence: 

1, 1,2,3,5,8, 13,21,34,55,89, 144,233, ..... 
The limit of the ratio between two successive numbers, lim(Fr-1-/Fr) as r increases is (1+ ✓5)/2 
[It is to be noted that whatever the initial pair of numbers, the ratio limit is always (I+ ✓ 5)/2 ] 

The Divine Proportion or Golden Mean 

The Divine Proportion is A:B :: B:A+B 
Dividing by Band letting A/B = x, we have x = 1/(l+x) or x2 +x -1 = 0 
The solutions to this quadratic equation are x = (1 ± ✓5)/2 

By convention the positive root, x = (1 + ✓ 5)/2, is designated by <I> 
This value is called the Golden Mean or Divine Proportion 
[Here we shall designate the negative root x = (1 - ✓5)/2 by;f] </1 

Explicit Formula 

Ifwe wish to know the value of the 110th Fibonacci number, for example, and do not want to 
repeatedly apply the recursion formula, we need an explicit formula which gives the value of F n 

when we are given only n. While it is not always possible to derive an explicit formula from a 
recursion formula, in the case of sequences like the Fibonacci sequence it is. The explicit 
formula for Fibonacci numbers is: <JJ.'"' 

F
0 
= (<P0 -1(1)/ ✓5 

The above is a brief introduction to the arithmetic properties of the golden mean. There 
are also many geometric and esthetic properties and many manifestations in nature. [ An 
example, the loops in the analemma. The northern loop is to the southern loop as the southern 
loop is to the whole year. This is roughly true at present but the shape of the analemma evolves 
over thousands of years.] 

For more information on the mathematical, esthetic, and historical aspects of <I>, I recommend 

The Divine Proportion by H.E.Huntley Dover Publications 1970 
and Vol XVI no 4 Winter 1991 of PARABOLA magazine . 
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Fibonacci Numbers 

The recursion formula for the Fibonacci numbers is F r+I =Fr+ Fr-I 
Beginning with the initial numbers 1 and 1 the recursion formula gives the Fibonacci sequence: 

1, 1,2,3,5,8, 13,21,34,55,89, 144,233, ..... 
The limit of the ratio between two successive numbers, lim(Fr+1/Fr) as r increases is (1+ ✓5)/2 
[It is to be noted that whatever the initial pair of numbers, the ratio limit is always ( 1 + ✓ 5)/2 ] 

The Divine Proportion or Golden Mean 

The Divine Proportion is A:B :: B:A+B 
Dividing by B and letting A/B = x, we have x = 1/(1 +x) or x2 +x -1 = 0 
The solutions to this quadratic equation are x = (1 ± ✓ 5)/2 
By convention the positive root, x = (1 + ✓ 5)/2, is designated by 4> 
This value is called the Golden Mean or Divine Proportion 
[Here we shall designate the negative root x = (1 - ✓5)/2 by <1>] 

Explicit Formula <f ":. · @=.:..=-!. 
")... 

Ifwe wish to know the value of the 110th Fibonacci number, for example, and do not want to 
repeatedly apply the recursion formula, we need an explicit formula which gives the value of F n 

when we are given only n. While it is not always possible to derive an explicit formula from a 
recursion formula, in the case of sequences like the Fibonacci sequence it is. The explicit formula 
for Fibonacci numbers is: 

The above is a brief introduction to the arithmetic properties of the golden mean. There 
are also many geometric and esthetic properties and many manifestations in nature. [ An example, 
the loops in the analemma. The northern loop is to the southern loop as the southern loop is to 
the whole year. This is roughly true at present but the shape of the analemma evolves over 

1?... 

th d f ] -, tr s 11 ,nchy;ft,1'l:.. 
ousansoyears. lne"'qf/oc..J C'OJ11,,•w~ p. -1._ /,t'· fJ:::Gl~.,,,,,JJA;f1 

I - r/\/a,{' 6 l 0 -y- v1'ce. ri,,-i-9 
Priv,., I-~ - ~fvr/., C -:. 3 f 'i: ~f /v fa/ /4 {; r 

For more information on the mathematical, esthetic, and historical aspects of 4>, see .,111 ...._,.. Ji .-x, .. 

The Divine Proportion by H.E.Huntley Dover Publications 1970 
Mathematics Appreciation -Theoni Pappas 
Math and the Mona Lisa -Bulent Atalay 
Science and the Future Year Book 1977 

_tz-£ -J 
T- A -,C 

~...,. e -2 

Number Theory: The Fibonacci Sequence -Verner E. Hagget Jr. p 178 
PARABOLA, Vol XVI no 4, Winter 1991 
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THE DIVINE PROPORTION 

The Divine Proportion or Golden Section: A: B :: B: A+B 

Set A = 1 and B = x, the proportion becomes: x2 - x - 1 = 0 
This quadratic equation has two solutions: x = (1 + ✓ 5)/2 and x = (1- ✓ 5)/2 
The quantity, (1 +✓ 5)/2, is customarily designated by <I> and stands for the Golden Section 
The negative of the second solution, ( ✓ 5 - l )/2 , is usually designated by (j). 
Numerically, <I>= 1.6180338887 .... and <I>= 0.6180338887...... <I>= 1 + <I> and <I>= 1/<I> 

The Divine Proportion is mathematically related to the Fibonacci Sequence, 
F[l,1] = 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144,233,377,610,987, 1597 ..... . 
Which is generated by the recursion formula, Fn+2 = Fn+t + Fn 
One connection of the Fibonacci sequence to <I> is through the ratios of successive terms. 
The lim as n-> oo ofFn+l / Fn = <I> and the limiting ratio for Fn+2 /Fn = <1>2

, for Fn+31Fn = <1>3
, etc 

Other relations between <I> and the Fibonacci sequence involve powers of <I>: 
For odd exponents: For even exponents 

<I> - 1/<I> = 1 <1>2 + 11<1>2 = 3 
<1>3 - 1/<1>3 = 4 <1>4 + 1/<1>4 = 7 
<1>5 - 1/<1>5 = 11 <1>6 + 1/<1>6 = 18 
<1>7 - 1/<1>7 = 29 <1>8 + 1/<1>8 = 47 
<1>9 - 1/<1>9 = 76 <1> 10 + 1/<f>lO = 123 
<1> 11 

- l/<1>11 = 199 <1> 12 + l/<1>12 = 322 
Both the odd exponent sequence: A[l,4] = 1, 4, 11, 29, 76, 199, 521, 1364 ... . 
And the even exponent sequence: A[3,7] = 3, 7, 18, 47, 123, 322, 843, 2207 ... . 
follow the alternate term recursion formula: An+2 = 3 Au+i -An 

If the two sequences A[l,4} and A[3,7] are combined maintaining numerical order, we obtain: 
L[l.3] = 1, 3, 4, 7, 11, 18, 29, 47, 76, 123, 199,322,521,843, 1364, 2207 .... 
which is known as the Lucas sequence. The Lucas sequence follows the same recursion 
formula, Fn+2 = Fn+1 + Fn, as the Fibonacci sequence, For both sequences 
the lim as n-> oo ofFn+l / Fn = <I>, lim Fn+2 /Fn = <1>2

, lim Fn+3 /Fn = <1>3
, etc 

If the F[l,l] sequence is partitioned into two sequences built with alternating terms, viz, 
A[l,2] = 1, 2, 5, 13, 34, 89, 133, 610, 1597 ... . 

and A[l,3] = l, 3, 8, 21, 55, 144, 377, 987, 2584 ... . 
These sequences as well as A[l,3] and A[3.7] follow the alternate term recursion formula: 

Au+2 = 3 Au+t - Au 
Summarizing: 
The complete sequences follow the recursion formula, 
The alternate term sequences follow the recursion formula, 

f n+2 = Fn+l + Fn, 
Au+2 = 3 An+J - Au 
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Recursion formulae: 

F[a,b] Fn+2 = Fn+l + Fn 

A[a,b] An+2 = 3 An+l - An 

June 5, 2006 

ON SEQUENCES 

[EVERY TERM] 

[EVERY OIBER TERM] 

Note: 
B[a,b] Bn+2 = 4 Bn+l + Bn [EVERY THIRD TERM] The coefficients of the n+ 1 terms 

are members of the Lucas sequence 
C[a,b] Cn+2 = 7 Cn+l - en [EVERY FOURTH TERM] 

D[a,b] Dn+2 = 1 lDn+l + Dn [EVERY FIFTH. TERM] 

-----------------------------------------------------------
~n+3 = 2 ~n+z - ~n Recursion formula for the summation sequences 

Explicit formulae: F[l,l] is the Fibonacci sequence: 

F
0 

= (cI>n - ql) /..f 5 F[l,l] = 1,l,2,3,5~8,13,21,34,55,89,144, ... 

~[1,1] = 1,2,4,7,12,20,33,54,88,l43, ... 

A[l)3] = l,3,8,21,55,144,377,987,2584, .. . 

~n = (Pcl>n - Q<jt) /..{ 5 - 1 

~ = (Pn - Qn) /..[5 

A[l,2] = 1,2,5,13,34,89,233,610,1597, .. . An= (cl>Qn - cpPn) /..f 5 

L[l,3] is the Lucas sequence 

L[l,3] = 1,3,4,7,ll,18,29,47,76,123,199,J. 1.). Ln = cl>0 + cp0 

~[1,3] = l,4,8,15,26,44,73,120,l96,.... ~n = Pcl>n + Q<f>n - 3 

A[3,7] = 3,7,18,47,123,322,843,2207,5778... ~ = pn + Qn 

A[l,4] = l,4,11,29,76,199,521,1364,3571... An= pncI> + Qncl> 

P = (3 + ..f5) /2, Q = (3 - ..f 5) /2 cl>= (I + ..f5) /2, - cl> = (1 - ..f 5) /2 

cI>+cp=+l, cI>-cp=..f5, cI>·cp=-1 P + Q = + 3, P - Q = ..f 5, P·Q = + 1 

Q = p-1 = cl>2 = cI>-2 

pncI> = cI>2n+ l Qncp = <p2n+ I 



• 

• 

• 

FIBSEQ.WPD June 15, 2006 

THE FIBONACCI and LUCAS SEQUENCES 

The Fibonacci numbers are a sequence of numbers based on the recursion formula, 
1) Fn+2 = Fn+l + Fn 

The initial numbers for the sequence are 1 and 1, leading to the sequence, 
F[l,l] = 1, 1 ,2, 3, 5, 8, 13, 21, 34, 55, 89, 144,233,377,610, 987, 1597, 2584, .... 

J iJ 
A second important sequence based on the same recursion formula but beginning with 1 and 3 is: 

L[l,3] = 1, 3, 4. 7, 11, 18, 29, 47, 76, 123,199,322,521,843, 1364, 2207, 3571, ... 
This sequence is known as the Lucas sequence. ~ :ii"+ f'" t7 /}'\ 1' .!:::..11 ➔ Vt 

1 
'
7

7 

~ FM 
Whatever the initial numbers are, 1 and 1, 1 and 3, or any n1 and n2 
the limiting value of the ratio between two successive numbers, Fn+i!Fn, or Ln+ilLn 
as n increases is always = (1 + ✓ 5)/2 

I 7 
·~ -J 2-c:p 

This quantity, (1+ ✓5)/2 = l.61803398874989 .... , is usually symbolized with <I> and is called 
THE GOLDEN SECTION or DIVINE PROPORTION 

In addition to defining sequences by recursion equations, such as 1) Fn+2 = Fn+i + Fn 
it is also possible to define sequences by explicit equations in which the value ofFn is given 
directly as a function of n. The explicit formula for the Fibonacci sequence, F[l,l], is 

2) Fn = (<l>n - <l>n)/ ✓5 where <I>= (1 - ..f5) 12 
And the explicit formula for the Lucas sequence L[l,3] is 

3) Ln = <l>n + <l>n 

Also of interest are the sequences giving the term by term sums of the above sequences. 
The recursion formula for the summation sequences is 4) Sn+3 = 2 Sn+2 - Sn 

For the Fibonacci sequence, 
S[l,l] = 1, 2, 4, 7, 12, 20, 33, 54, 88, 143,232,376,609,986, 1596, .... ; Sn= Fn+2 - 1 
The explicit formula for this sequence is: 5) Sn = (<l>n+2 - <l>n+2) /5 -1 

For the Lucas sequence, 
S[l,3] = 1, 4, 8, 15, 26, 44, 73, 120,196,319,518,840, 1361, 2204, ..... ; Sn= Ln+2 - 3 
with explicit formula 6) Sn= <1>n+2 + cf>n+2 -3 

::. ::,-- 'r.s-- .2 
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RECURSION FORMULAE RELATED 
TO THE FIBONACCI AND LUCAS SEQUENCES 

The following notations will be used: 
In refers to the natural numbers: 

l,2,3,4,5,6,7,8,9,10. l l.12.13.14.15.16.17.18.19.20.21.. .. 
Fn refers to the Fibonacci sequence: 

1,1 ,2, 3, 5, 8, 13, 21, 34, 55, 89, 144,233,377,610, 987, 1597, 2584, .... 
Ln refers to the Lucas sequence: 

l, 3, 4. 7, 11, 18, 29, 47, 76, 123,199,322,521, 843, 1364, 2207, 3571, ... 

The customary recursion formula for Fn or Ln is: Fn+ 1 = Fn + Fn., 
This is but one of many "symmetric" recursion formulae each valid for both Fn and Ln. 
Others include: 

fn+l = l·Fn + Fn-1 
Fn+2 = 3•Fn - Fn-2 
Fn+3= 4•Fn+Fn-3 
f n+4 = 7•Fn - Fn-4 
F n+5 = 11 · F n + F n .5 
F n+6 = 18•Fn - Fn-6 

Note that the coefficients ofFn are members of the Ln sequence. This fact allows 
the general formula for the sequence of symmetric recursion formulae to be written as: 

Fn+r =Lr· Fn + (-ly+1 
• Fn-r 

where n designates the nth Fibonacci term and r = 1,2,3,4,5, .... And where Lr takes on 
the r th value of the Ln sequence. Since L r = cpr + <l>r , the general formula may also be 
written as· F = (<Pr+ ,hr) . F + (-l)r+l . F · n+r 'i' n n-r 

Other interesting recursion formulae interrelate the Fn and Ln sequences: 
l·Ln=Fn+l +Fn-1 5•Fn=Ln+l +Ln-1 
1 · L n = F n + 2 - F n -2 5· F n = L n + 2 - L n- 2 
2·Ln = F n+3 + F n-3 lO·F n = Ln+3 + L n-3 
3•Ln = F n+4 - F n-4 15•F n = Ln+4 - L n-4 
S·Ln = F n+5 + F n-5 25-F n = Ln+5 + L n-5 

fr-L = F + (-l)r+ 1•F n n+r n-r 5·Fr-F = L + (-l)r+ 1·L n n+r n-r 

The richness of the interrelations between these sequences may be one reason they occur so often 
in nature. In fact, such sequences may be nature's natural numbers, rather than the sequence of 
integers that are basic to human cultures. In contrast, integers appear to have only one recursion 
formula: In+t =2·I 0 -In-i 

30 
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Explicit Formulae 

FIBONACCI NUMBERS 
F[1,1]AND F[1,3] 

June 6, 2006 

<l> := (1 +ls) </> := (1 -ls) 
2 

n:=l,2 .. 15 

F(n) = F(n+ 14) = 

1 610 

1 987 

2 1597 

3 2584 

5 4181 

8 6765 

13 10946 

21 17711 

34 28657 

55 46368 

89 75025 

144 121393 

233 196418 

377 317811 

610 514229 

2 

vi' j,,., 

G(n) :=<1>0 + cp 0 
::., Lve-&1/.J ~v-6//t.,, 

n= n+ 14 = 

1 15 

2 16 

3 17 

4 18 

5 19 

6 20 

7 21 

8 22 

9 23 

10 24 

11 25 

12 26 
13 27 

14 28 

15 29 

),,.... 
_,,I 

G(n) = 

1 

3 

4 

7 

11 

18 

29 

47 

76 

123 

199 

322 

521 

843 

1364 

v 

G(n+ 14) = 

1364 

2207 

3571 

5778 

9349 

15127 

24476 

39603 

64079 

103682 

167761 

271443 

439204 

710647 

1149851 



• 

• 

• 

FIBON11.MCD FIBONACCI NUMBERS 
F[1, 1] 

Explicit Formulae 

~ := (1-✓5) 
2 

<l>n 
f{n) :=-

,[s 
F(n) :- (<1>n - t) 

,[s 
n :=l,2 .. 17 

n= 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

f{n) = 

0.7236068 

1.1708204 

1.8944272 

3.0652476 

4.9596748 

8.0249224 

12.9845971 

21.0095195 

33.9941166 

55.0036361 

88.9977528 

144.0013889 

232.9991416 

377.0005305 

609.9996721 

987.0002026 

1596.9998748 

cD = 1.618034 

~ = -0.618034 

✓5 = 2.236068 

round(f{n)) = 

1 

1 

2 

3 

5 

8 

13 

21 

34 

55 

89 

144 

233 

377 

610 

987 

1597 

<I>+~= 1 

note minus sign 

January 4, 2004 

Recursion Formula 

F(n) = F(n-1) + F(n-2) 

F(n) = 

1 

1 

2 

3 

5 

8 

13 

21 

34 

55 

89 

144 

233 

377 

610 

987 

1597 
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✓5 = 2.23606798 

n:=1,2 .. 15 

n= • 1 

H(n) = 
1 

2 3 

3 4 

4 7 

5 11 

6 18 

7 29 

8 47 

9 76 

10 123 

11 199 

12 322 

13 521 

14 843 

15 1364 

• 

Lvc119 
Fl~CI NUMBERS 

klPH1,3l 

<I> - ~ = 2.23606798 

G(n) = 
1 

3 

4 

7 

11 

18 

29 

47 

76 

123 

199 

322 

521 

843 

1364 

June 5, 2006 

<l>-~=-1 

L 
)((n) :=<I>n+ ~n 

/_. 

J(n) = J{(n) = 
1 1 

3 3 

4 4 

7 7 

11 11 

18 18 

29 29 

47 47 

76 76 

123 123 

199 199 

322 322 

521 521 

843 843 

1364 1364 
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SUMMATION SEQUENCES 
L [1,1] and L[I,3] 

June 14,2006 

The recursion formula for the summation sequences is S(n+3) = 2 S(n+2) - S(n) 

Z(n) :=Q-q/ + P-<1>
0 

- 3 (P·<l>n _ Q·..i. n) 
Y(n) :=-1+-'---...;...;..."'~ 

✓s 

n := 1,2 .. 15 

n= V(n) = Z(n) = Y(n) = 
1 1 1 1 1 

2 4 2 4 2 

3 8 4 8 4 

4 15 7 15 7 

5 26 12 26 12 

6 44 20 44 20 

7 73 33 73 33 

8 120 54 120 54 

9 196 88 196 88 

10 319 143 319 143 

11 518 232 518 232 

12 840 376 840 376 

13 1361 609 1361 609 

14 2204 986 2204 986 

15 3568 1596 3568 1596 
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<I>:- (1 +,Js) 
2 

n :=1,2 .. 12 

n= 

1 

2 

3 

4 

• 5 

6 

7 

8 

9 

10 

11 

12 

• 

FIBONACCI NUMBERS 
A[1,2] 

A(n) = 
1 

2 

5 

13 

34 

89 

233 

610 

1597 

4181 

10946 

28657 

(<I> ·"' 2 n _ "' ·<I> 2 n) 
B(n) :--'--...:..'l' __ 'l'-'-----'-

✓5 

B(n) = 

1 

2 

5 

13 

34 

89 

233 

610 

1597 

4181 

10946 

28657 

June 5, 2006 
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Explicit Formulae 

<I:>"2 = 1 + <I> = P 

A(n) :- (Pn-Qn) 

,[s 
n :=l,2 .. 12 

n= A(n) = 
1 1 

2 3 

3 8 

4 21 

5 55 • 6 144 

7 377 

8 987 

9 2584 

10 6765 

11 17711 

12 46368 

• 

ALTERNATE 
FIBONACCI NUMBERS 

A[1,3] 

B(n) = C(n) = 

1 1 

3 3 

8 8 

21 21 

55 55 

144 144 

377 377 

987 987 

2584 2584 

6765 6765 

17711 17711 

46368 46368 

June 2, 2006 

(<1>2n ,1-.2n) 
C(n) :- - 'I' 

,[s 
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n:=1,2 .. 15 

n= 

1 

2 

3 

4 

5 

• 6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

• 

/...t}t:--k] 

FIBOJ,JACCI NUMBERS 
A[1,4] 

H(n) = 
1 

4 

11 

29 

76 

199 

521 

1364 

3571 

9349 

24476 

64079 

167761 

439204 

1149851 

June 6, 2006 

R(n) = 

1 

4 

11 

29 

76 

199 

521 

1364 

3571 

9349 

24476 

64079 

167761 

439204 

1149851 
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<I>:- (1 +✓5) 
2 

M(n) :=P0 +Q0 

n:=1,2 .. 15 

n= 

1 

2 

3 

4 

5 

6 

7 • 8 

9 

10 

11 

12 

13 

14 

15 

• 

1-.ve,,t-} 

FIBOf)IACCI NUMBERS 
A[3,7] 

June 8, 2006 

H(n) := [ 3 -(P-Qn-1 _ Q-F°-1) + 7 .(pn-1 _ Qn-1)] 

[s 

M(n) = H(n) = 

3 3 
7 7 

18 18 

47 47 
123 123 

322 322 

843 843 

2207 2207 

5778 5778 

15127 15127 

39603 39603 

103682 103682 

271443 271443 

710647 710647 

1860498 1860498 
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Explicit Formulae 

<I>n 
f(n) :=-

[s 

FIBONACCI NUMBERS 
F(n) 

<I>2n 
g(n) :=-

[s 

n := 1,2 .. 20 

n 

<I> 2 
h(n) :=-

✓5 

January 7, 2004 

Recursion Formula 

F(n) = F(n-1) + F(n-2) 

j(n) :a(: r 
[s 

n= round(f(n)) = round(g(n)) = round(h(n)) = round(j(n)) = 
1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

1 

2 

3 

5 

8 

13 

21 

34 

55 

89 

144 

233 

377 

610 

987 

1597 

<I> = 1.618034 

$ = -0.618034 

✓5 = 2.236068 

1 

3 

8 

21 

55 

144 

377 

987 

2584 

6765 

17711 

46368 

121393 

317811 

832040 

2.178309·106 

5.702887·106 

1.493035· 10 7 

3.908817·107 

1.023342·1 oa 

note minus sign 

<I>+$= 1 

1 

1 

1 

1 

1 

2 

2 

3 

4 

5 

6 

8 

10 

13 

17 

21 

27 

34 

43 

55 

Powers skip 
Roots insert 

-1 

3 

-8 

21 

-55 

144 

-377 

987 

-2584 

6765 

-17711 

46368 

-121393 

317811 

-832040 

2.178309·106 

-5. 702887 · 10 6 

1.493035· 10 7 

-3.908817·107 

1.023342·108 

I~ skips and oscillates 

S I ' - 2 ✓-'-1 f> 
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1 1 1.62 ".l .72 
2 1 2.62 3 1. 17 
3 2-· 4.24 11 1 .89 
4 3 6.85 7 3.07 
5 5 11.09 If 4.96 
6 8 17.94 l 'J 8.02 
7 13 29.03 2.q 12.98 
8 21 46.98 '11 21.01 
9 34 76.01 7, 33.99 J- }~vfV\t [~~ '" 10 55 122.99 l:t,) 55.00 

11 89 199.01 hq 89.00 
~,.. ... 

12 144 322.00 144.00 
13 233 521.00 233.00 
14 377 843.00 377.00 
15 610 1364.00 610.00 
16 987 2207.00 987.00 
17 1597 3571.00 1597.00 
18 2584 5778.00 2584.00 • 19 4181 9349.00 4181.00 
20 6765 15127.00 6765.00 
21 10946 24476.00 10946.00 
22 17711 39603.00 17711.00 
23 28657 64079.00 28657.00 
24 46368 103682.00 46368.00 
25 75025 167761.00 75025.00 
26 121393 271443.00 121393.00 
27 196418 439204.00 196418.00 
28 317811 710647.00 317811.00 
29 514229 1149851.00 514229.00 
30 832040 1860498.00 832040.00 
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FIBON1.MCD FIBONACCI NUMBERS 
F(n) 

Explicit Formulae 

<I>:= (1+✓5) ~:=(1-✓5) 
2 2 

<I>n 
f(n) :=-

✓5 
F(n) :- (<I>n - t) 

✓5 

n := 1,2 .. 20 

n= 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

f(n) = 

0.7236068 

1.1708204 

1.8944272 

3.0652476 

4.9596748 

8.0249224 

12.9845971 

21.0095195 

33.9941166 

55.0036361 

88.9977528 

144.0013889 

232.9991416 

377.0005305 

609.9996721 

987 .0002026 

1596.99987 48 

2584.0000774 

4180.9999522 

6765.0000296 

<I> = 1.618034 

~ =-0.618034 

✓5 = 2.236068 

round(f(n)) = 

1 

2 

3 

5 

8 

13 

21 

34 

55 

89 

144 

233 

377 

610 

987 

1597 

<I>+~= 1 

note minus sign 

January 4, 2004 

Recursion Formula 

F(n) = F(n-1) + F(n-2) 

F(n) = 

1 

2 

3 

5 

8 

13 

21 

34 

55 

89 

144 

233 

377 

610 

987 

1597 
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FIBON2.MCD SUBSETS OF 
FIBONACCI NUMBERS 

Explicit Formulae 

cf>:= (1 +✓s) $ := (1 - ✓s) 
2 2 

A(n):J(l+cf>t-(1+$)n] (1 cf>)n 
a(n) := + 

✓s ✓s 

n := 1, 2 .. 15 

n= a(n) = 

1 1.1708204 

2 3.0652476 

3 8.0249224 

4 21.0095195 

5 55.0036361 

6 144.0013889 

7 377.0005305 

8 987.0002026 

9 2584.0000774 

10 6765.0000296 

11 17711.0000113 

12 46368.0000043 

13 121393.0000016 

14 317811.0000006 

15 832040.0000002 

cf> = 1.618034 

$ = - 0.618034 note minus sign 

✓5 = 2.236068 

round(a(n)) = 

1 

3 

8 

21 

55 

144 

377 

987 

2584 

6765 

17711 

46368 

121393 

317811 

832040 

or 

January 6, 2004 

Recursion Formula 

A(n) = 3 A(n-1) -A(n-2) 

A (n) :-
(cf>2n_$2n) 

✓s 

A(n) = 

1 

3 

8 

21 

55 

144 

377 

987 

2584 

6765 

17711 

46368 

121393 

317811 

832040 

A(n) uses initial values 
0 and 1 



• 

• 

• 

FIBON3.MCD SUBSETS OF 
FIBONACCI NUMBERS 

(a skip one subset) 

Explicit Formulae 

<I>:= (1 +✓s) 
2 

n := 1, 2 .. 15 

n= d(n) = 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

<I> = 1.618034 

$ = -0.618034 

✓5 = 2.236068 

1.8944272 

4.9596748 

12.9845971 

33.9941166 

88.9977528 

232.9991416 

609.9996721 

1596.99987 48 

4180.9999522 

10945. 9999817 

28656.999993 

75024.9999973 

196417. 999999 

514228.9999996 

1346268.9999999 

note minus sign 

round( d(n)) = 

2 

5 

13 

34 

89 

233 

610 

1597 

4181 

10946 

28657 

75025 

196418 

514229 

1346269 

January 7, 2004 

Recursion Formula 

D(n) = 3 D(n-1) - D(n-2) 

D(n) = 

2 

5 

13 

34 

89 

233 

610 

1597 

4181 

10946 

28657 

75025 

196418 

514229 

1346269 

D(n) uses initial values 
1 and 2 
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PRODSUMl. WPD October 6, 2005 

PRODSUM PAIRS PART I 

Prodsum pairs are pairs of numbers whose sum is equal to their product. There are two 
basic questions associated with prodsum numbers: 

1) Given any real number x, what is its prodsum partner y, such that x+y = x·y ? 
It immediately follows that ifx+y = x·y, then y = x/(x-1) and x = y/(y-1) 
Further: let p = x+y = x·y. then p = x2/(x-1) = y2/(y-1) 

2) Given any real number p, what are the prodsum numbers x and y such that 
x+y=x·y=p? 

From p = x2/(x-l), we have x2 
- p·x + p = 0 note1 

The two roots of this equation are x = [p + {(p2-4p)]/2 and y = [p-.f (p2-4p)]/2 

Some examples ofprodsum pairs: 

x = 1t = 3.141592 .... , y = 1t I (1t -1) = 1.466942 .... 
(3.141592) + (l.466942) = 4.608534 and (3.141592)-(1.466942) = 4.608534 

x = e = 2.718282 .... , y = e I (e -1) = 1.581977 .... 
(2.718282) + (1.581977) = 4.300259 and (2.718282)-(1.581977) = 4.300259 

X =<I>= 1.618034 ... , y = <I>/ (<I> -1) = 2.618034 .... 
(1.618034) + (2.618034) = 4.236068 and (l.618034)·(2.618034) = 4.236068 

x = 5 - {15 = 1.127017 .... , y = 5 +{IS= 8.872983 .... 
(1.127017) + (8.872983) = 10 and (1.127017) · (8.872983) = IO 

Properties of prodsum pairs: 

x+y=x·y=p 

x = y/(y - 1 ), y = x/(x - 1) 

p = y2/(y - 1) = x2/(x - 1) 

X = [p + {(p2 
- 4p)]/2, 

x2 + y2 = p2 - 2p , 

y = [p- {(p2 
- 4p)]/2 

x2 - y2 = p { (p2 - 4p) 

1 This quadratic equation is the characteristic equation for the recursive equation 
~+2 = p ( ~+1 - ~), which has the explicit solution ~ = (x0 -y°)/(x - y) 
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PRODSUM2.WPD 

~ er 
Octobert,5: 2005 

PRODSUM PAIRS PART II > 1·1- hx + c = 0 

}>-;. -C ,J;r f'yv,'s,.,,,.. 

Prod.sum pairs are pairs of numbers [x,y] whose sum is equal to their product: 
x+y=x · y. 

If p = x + y = x · y, then x and yin terms of pare given by the roots of the equation 
x2 -px +p=0, 

Namely, x = [p + .f(p2 
- 4p)]/2 and y = [p - .f(p2 

- 4p)]/2 

TABLE 1. gives the values of the prodsum pairs corresponding to some integer values ofp. 

p 

-6 

-5 

-4 

-3 

-2 

-1 

+4 

+5 

+6 

+7 

+8 

+9 

+10 

• 
• 
• 
• 
• 

TABLE 1. 

y X y2/2 x2/2 

-6.872983 0.872983 23.618947 0.381050 
. , 

-5.854102 0.854102 17.135255 0.364745 

-4.828427 0.828427 11.656853 0.343146 

-3.791288 0.791288 7.186932 0.313068 

-2.732051 0.732051 3.732051 0.267949 

-1.618034 0.618034 1.309017 0.190983. 

2 2 2 2 

1.381966 3.618034 0.954915 6.545085 

1.267949 4.732051 0.803847 11.196153 

1.208712 5.791288 0.730492 16.769508 

1.171573 6.828427 0.686291 23.313708 

1.145898 7.854101 0.656541 30.843459 

1.127017 8.872983 0.635083 39.364917 

The .f column gives the values of .f (p2
- 4p) 

The values ofx and y are imaginary for p = 1, 2, and 3 and= 0 for p = 0 . 
Note that for all p, x + y = x·y = p ; (x2 + y2)/2 = p·(p-2)/2 ; and x2·y2/4 = p2/4 
For p = +5, ~ = 3 - <I> and "/ = 2 + <I> where <I> is the golden ratio . 

.f 

60 

45 

32 

21 

12 

5 

0 

5 

12 

21 

32 

45 

60 

When p = - 1, the values are those of the Fibonacci numbers and the golden ratio . 
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PRODSUM4.WPD 

PRODSUM PAIRS PART III 

Measured values: 
a = 0.00729735308 log ex = -2. 13683464 
µ = 1836.1526675 logµ = 3.26390879 
A= log10(aµ) = 1.12707415 

Prodsum pairs: 
J = 5 - ✓15 = l.1270166537925831148207346002176 
K = 5 + .f15 = 8.8729833462074168851792653997824 
J+K=J·K= 10 
1/K := 0.11270166537925831148207346002176 
10·1/K = J = l.1270166537925831148207346002176 

November 30, 2005 

The convergence of the measured value A to the prodsum value J per iteration of the formula: 
X2 = (X 1)

2/10 + 1 

A= 1.12707415 
B = (A2/10) + 1 = l.12702961395982225 
C = (B2/10) + l = l.1270195750742425967853837251595 
D = (D2/10 + 1 = l.127017312260052634475743102746 

" l.1270168022133872986238368414416 
" l.1270166872471289345810445335237 
" l.127016661333349283528780979665 
" l.1270166554922969314049819819034 ? 

" l.1270166541757042707039970755831 r-v".v 
Jt ";- I 

,, 
l.1270166538789398994555530007842 tlw 

" l.1270166538120482217117643077271 
" l.1270166537969706147475811396024 
" l.1270166537935720719179504832372 

********************** 

J= l.1270166537925831148207346002176 

Most mathematical sequences, series, continued fractions, etc. are generated by "dialectical 
processes" consisting of two altering operations, such as the above divide-add combination . 
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PRODSUM3.WPD October 17, 2005 

THIS SCRAP POINTS OUT PARALLELS BETWEEN A RECURSION EQUATION 
AND THE VALUES OF THREE FUNDAMENTAL CONSTANTS OF PHYSICS. 

~+2 = 10~+1 - IO~ has the charasteric 
equation, x2 

- 1 Ox + 10 = 0, whose solutions 
are x = 5 - .f I 5 and y = 5 + .f I 5; 
with numerical values: x = 1.1270167 

and y = 8.8729833 
y2/2 = 39.3649167 

x+y=lO 
X • y = 10 

y- X = .f60 = 7.7459667 
(x + y) I (x · y) = I 

(x2 + y2)/2 = 40 
x2/2 · y2/2 = 25 

exµ/x = 1.0000510 
(y2/2) IS= 1.0002296 
y / .f(2S) = 1.0001148 

The explicit formula for the values of An is 
~ = (y° - xn)/(y - x) 

This formula leads to the following series: 
A0 =0 
A1 = I 

A2 =10 
A3 =90 

A4 = 800 

log10 values of three fundamental constants: 
The fine structure constant ex= -2.1368346 
The proton/electron mass µ = +3.2639088 

with exµ= 1.1270742 If 1, 

The coulomb/gravity force S = 39.3558802 
with .f(2S) = 8.8719649 

exµ+ .f(2S) = 9.9990391 
exµ- .f (2S) = 9.9993627 

.f(2S) - exµ= 7.7448907 
[exµ+ .f(2S)] I [exµ· .f (2S)] = 1.0000324 

(exµ)2/2 + S = 39.9910283 
(exµ)2/2 · S = 24.9968136 

exµ - X = 0.0000575 
y2/2 - S = 0.0090365 
y- .f(2S) = 0.0010184 

An explicit formula for the values of Cn is 
en ={[.f(2S)]n - (exµ)n}/[.f(2S) - exµ] 

giving the following series: 
C0 =0 
c1 = 1 

C2 = 9.9990390 
C3 = 89.9814202 

C3 = 799.7437196 

The many parallels between the fundamental physical constants exµ and S with the solutions of 
the recursive equation ~+2 = I0~+t - IO~ suggest that some form of"continental drift" may 
have occurred. It has been proposed by several [see Dirac. 1935] that the fundamental constants 
do vary in time. It may be that the original values of exµ and S were 1.1270167 and 39.3949167, 
respectively and have drifted over 13 billion years to their present values of 1.1270742 and 
39.3558802. [ exµ increasing and S decreasing]. Although the drift is slow, is it possible to 
predict their limit points? , ;1,. f,,b,17;, fo',/IM · 

, a .• e ,t 
,l ,M 

. lf'(Jl.(74>1"-" - .l.,<u' , 
~0, 0 )~ th >r 

/1.I ,jf\ 
l •f ,µ(Jvf/, l,e 

ivl'P 

1--fO 
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RECURMEAS.WPD January 24, 2006 

RECURSIVE ALTERNATIVES l!P ~ ,,.-re G 

Measured values: (All log10 cgs) 
aµ= 1.1270742 _ m/ = - 47.553204 

'; I 

S = - 39.355880 =Gm// hcaµ )~I e-
hc = - 16.500103 G = - 7.175705 vf 

' 1.:, L-1, 

The general characteristic polynomial corresponding to the recursion equation 
An+2 = bAn+l + cAn is 

x2 
- bx -c = 0, with roots v = (b+lb2 + 4c )/2 and u = (b--lb2+4c )/2 

u+v=b and u·v=-c 

CASE 1) the "II~" Case Assume: the characteristic polynomial is x2 
- 10 x + 10 = 0, 

v = 5 +-115 = 8.8729805, u = 5 - -115 = 1.1270167, and v2/2 = 5(4+115) = 39.364892 
u + v = 10.0000000, u·v = 10,0000000 

CASE 2) Assume: u =aµ= 1.1270742 and v2/2 = S = 39.355880, then v = 8.8719648 
u + v = 9.9990390, u·v = 9.9993626 

CASE 3) Assume: u =aµ= 1.1270742 and that u+ v = 10 
then v = 8.8729258, and v2/2 = 39.364406, and u·v = 10.0004457 

u+ v = 10.0000000, u·v = 10.0004457 

CASE 4) Assume: u =aµ= 1.1270742 and that u·v = 10 
then v = 8.8725303, and v2/2 = 39.360897, and u + v = 9.9996045 

u + v = 9.9996045, u·v = 10.0000000 

Assume in CASES 2), 3), and 4) that the differences between the v2/2 values 
and the II~ value of39.364892 are attributable to an error in G. Then the "correct" values of G 
to make the difference= 0 and their differences,/)., with the present value of G = -7.175705 are: 

CASE 2) G = - 7.184717, I).= 0.009012 
CASE 3) G = - 7.184231, I).= 0.008526 
CASE 4) G = - 7.180722, I).= 0.005017 

;) 
~) 

7) 

,-
:J 
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RECURTBL.WPD 

CODE FORM 

II~ b=c 

II~ b=c 

aµ, S measured 

aµ, b 

ctµ, C 

S,b 

S,c 

aµ b=c 

s b=c 

(aµ)2/10 + 1 b=c 

[10( aµ-1 )]112 b=c 

<l>l/4 b=c 

Inputs are in red. 

• 
RECURSION TABLE 

An.._,,=bAn+l -cAn x2 -bx+c=0 
"' " 

b=u+v c=u·v u V v2/2 

10 10 5 - ,[15 5 + ,[15 5(4 + f15) 

10 10 1.1270167 8.8729805 39.364892 

9.9990390 9.9993627 1.1270742 8.8719648 39.355880 

10 10.0004457 1.1270742 8.8729258 39.364406 

9.9996045 10 1.1270742 8.8725303 39.360897 

10 10.007889 1.1280352 8.8719648 39.355880 

9.9991108 10 1.127146 8.8719648 39.355880 

9.9964922 9.9964922 1.1270742 8.869418 39.333288 

9.9989979 9.9989979 1.1270331 8.8719648 39.355880 

9.9992106 9.9992106 1.1270296 8.8721810 39.357798 

9.9844646 9.9844646 1.1272719 8.8571927 39.224931 

9.9502081 9.9502081 1.1278385 8.8223696 38.917103 

When b = c, u = v/(v-1) and v = u/(u-1), And b = c = v2/(v-1) = u2/(u-1) 

• 0-

January 24, 2006 

G 

d(l0 - b) d(l0 - c) 

0 0 y 

0.0009610 0.0006373 C" 

0 0.0004457 """ 

0.0004955 0 

0 0.007889 

0.0008892 0 

0.0035078 0.0035078 

0.0010021 0.0010021 

0.0007894 0.0007894 

0.0155354 0.0155354 

0.0497919 0.0497919 }( 


